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Most advanced helicopter rotors are typically fitted with lag dampers, such as 
elastomeric or hybrid fluid-elastomeric (FE) lag dampers, which have lower parts 
counts, are lighter in weight, easier to maintain, and more reliable than conventional 
hydraulic dampers. However, the damping and stiffness properties of elastomeric and 
fluid elastomeric lag dampers are non-linear functions of lag/rev frequency, dynamic 
lag amplitude, and operating temperature. It has been shown that elastomeric 
damping and stiffness levels diminish markedly as amplitude of damper motion 
increases. Further, passive dampers tend to present severe damping losses as damper 
operating temperature increases either due to in-service self-heating or hot 
atmospheric conditions. Magnetorheological (MR) dampers have also been 
  
considered for application to helicopter rotor lag dampers to mitigate amplitude and 
frequency dependent damping behaviors. MR dampers present a controllable 
damping with little or no stiffness. Conventional MR dampers are similar in 
configuration to linear stroke hydraulic type dampers, which are heavier, occupy a 
larger space envelope, and are unidirectional. Hydraulic type dampers require 
dynamic seal to prevent leakage, and consequently, frequent inspections and 
maintenance are necessary to ensure the reliability of these dampers. Thus, to 
evaluate the potential of combining the simplicity and reliability of FE and smart MR 
technologies in augmenting helicopter lag mode stability, an adaptive 
magnetorheological fluid-elastomeric (MRFE) lag damper is developed in this thesis 
as a retrofit to an actual fluid-elastomeric (FE) lag damper. Consistent with the 
loading condition of a helicopter rotor system, single frequency (lag/rev) and dual 
frequency (lag/rev at 1/rev) sinusoidal loading were applied to the MRFE damper at 
varying temperature conditions. The complex modulus method was employed to 
linearly characterize and compare the performance of the MRFE damper with the 
baseline FE damper performance. Based on experimental measurements, it is shown 
in the research that at all test temperatures, a significant damping control range, 
extending beyond the baseline FE damper, can be provided by the MRFE damper 
with the application of varying magnetic fields. This controllable damping range can 
be programmed to potentially provide the required damping augmentation as a 
function of different flight conditions. The added benefits of employing smart MR 
fluids in MRFE lag dampers are to produce adequate damping at critical flight 
  
conditions while concurrently reducing periodic hub loads at other flight conditions 
and to compensate damping losses associated with temperature.  
The other main objective of the present research is to develop and formulate a 
comprehensive analytical model that can accurately describe the non-linear hysteretic 
behavior that is demonstrated by the MRFE lag damper. Thus, a hydromechanical 
model, which can delineate the physical flow motion of the system and accurately 
describe the non-linear hysteretic behavior of the MRFE damper is proposed. The 
hydromechanical model explored in this study is a design-based model which 
describes the damper system with a series of lumped hydraulic, mechanical and 
magnetorheological components. The model employs physical parameters such as 
inertia, damping, yield force and compliances that are dependent on damper geometry 
and material properties of components and which can potentially be approximated a 
priori. Further, temperature variation will mainly cause material properties to change. 
Once model parameters have been established, the model is shown to simulate 
accurately the measured hysteretic force-displacement history under single and dual 
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Chapter 1: Introduction 
 
1.1 Motivation and Objectives 
The susceptibility of helicopter rotor systems to aeromechanical instabilities is a 
well established phenomenon. These aeromechanical instabilities are non-linear 
phenomena which involve complex interactions of aerodynamic, elastic and inertial 
forces [1]. Particularly, mechanical instabilities, such as ground resonance and air 
resonance, are violent instabilities which could result in a catastrophic failure in soft-
in-plane rotor systems. Soft-in-plane implies that the first lag mode lag/rev frequency 
is less than the 1/rev rotor frequency. Ground resonance is a dynamic helicopter 
instability which occurs as a result of the coupling between the blade lead-lag motion 
and the hub in-plane motion. This instability takes place when the helicopter is on the 
ground and the regressive lag/rev frequency coalesces with the support mode while 
the helicopter is spinning up to its operational 1/rev frequency. Air resonance is 
caused by the coupling of the low frequency blade flap and lag modes and rigid body 
modes. This instability occurs during specific flight regimes and aerodynamic forces 
are needed to determine the instability. Air resonance is primarily a problem of 
hingeless and bearingless rotor systems. Ground and air resonances are the primary 
rationale soft-in-plane helicopter rotor systems are equipped with lead-lag damper. In 
conventional articulated rotors, ground resonance is mitigated by employing 
hydraulic and elastomeric lag dampers. Modern helicopters are tending towards 




improved hub design and better handling quality [1]. Due to stress and weight 
considerations, these rotor systems are soft-in-plane, and they are typically fitted with 
lag dampers made of passive materials, such as elastomers, to provide the required 
damping [2-6]. Compared to conventional hydraulic lag dampers, elastomeric lag 
dampers have a simple design, lower parts count, and are lighter in weight. They do 
not introduce moving parts, thus they have no sliding seals of hydraulic dampers to 
wear out and leak. They show gradual wear and tear which is visually detectable, and 
thus are easier to maintain, and more reliable. Unlike hydraulic dampers, elastomeric 
dampers do not produce extremely high damping forces at high lead-lag velocities 
[6]. In order to provide the required damping, a highly hysteretic filled elastomeric 
material is utilized. Typically, elastomeric lag dampers have been designed in three 
configurations (Figure 1.1): a flat plate or double lap shear type, where elastomer is 
bonded between metallic plates, a tubular type, where an elastomeric ring is bonded 
between two concentric cylinders, and a snubber or round-stacked type, which is 
made from a laminated stack of alternating elastomeric-metallic rings [2]. Under 
dynamic lag motions, the elastomer is sheared and provides damping through energy 
dissipation. In addition, the elastomer introduces stiffness into the system that can be 
used as a design parameter to change the natural frequency of the lag mode to avoid 
resonances [6, 7]. However, these highly damped elastomers exhibit a non-linear 
hysteretic response to dynamic loading. Furthermore, the damping and stiffness 
properties of elastomeric dampers are non-linear functions of the lag/rev frequency, 
dynamic lag amplitude, and operating temperature. It has been shown that elastomeric 




increases [2-7]. In addition, there is a reduction in damping as the excitation 
frequency is increased. At small lead-lag displacements, these elastomeric dampers 
have exhibited low loss factors and high stiffness, resulting in unfavorable limit cycle 
instabilities [4]. In forward flight conditions, the blade lead-lag motion in helicopters 
occurs at two frequencies, the lag/rev frequency and 1/rev frequency, and as the 1/rev 
amplitude is increased, it substantially reduces damping at lower lag/rev amplitudes, 
thus causing undesirable limit cycle oscillations [4, 6]. 
In order to address these undesirable effects of elastomeric dampers, a fluid-
elastomeric (FE) lag damper, combining viscous fluid damping with an elastomeric 
material, was designed by Lord Corporation. Such a damper is also referred to as a 
Fluidlastic® lag damper [2, 4, 8, 9]. Fluid-elastomeric (FE) lag dampers alleviate the 
undesirable effects of elastomeric dampers’ non-linear behavior by minimizing the 
dependence of the lag mode damping and stiffness on amplitude and frequency, 
resulting in a predominantly linear performance. In addition, these types of dampers 
require smaller space envelopes, accommodate multi-axis motions and provide longer 
service life than elastomeric dampers [2]. In this damper arrangement, the elastomer 
body is utilized both as a seal and to pump fluid between chambers to induce viscous 
damping. Thus, similar to elastomeric dampers, they still have no moving parts and 
dynamic seals, have simple design feature and low parts count. Since the majority of 
damping is supplied through viscous damping, the elastomeric material employed 
need not be selected based on its damping property, but rather on its stiffness and 
shear fatigue properties [8]. Even though FE lag dampers provide a substantially 




or passive damping. Since damping augmentation is only required over certain flight 
regimes where there is a potential for instabilities to occur [10], a passive damper 
providing a fixed damping could produce unfavorably large periodic loads on the 
rotor hub. Further, passive dampers tend to present severe damping losses as 
temperature increases either due to in-service self-heating or hot operating conditions. 
Under these circumstances, elastomer softening and/or fluid thinning occurs which 
adversely affects damper performance [2-4, 11, 12]. Thus, an adaptive damper, which 
can produce the desired amount of damping without a corresponding increase in 
periodic loads and can be adjusted to compensate for performance losses at extreme 
environmental conditions, would be of considerable value. 
A promising alternative is to make use of smart or controllable fluids, such as 
Magnetorheological (MR) fluids, to offer adaptive capability in which damping can 
be controlled in an optimal manner. Magnetorheological fluids typically consist of 
spherical micron-sized ferromagnetic particles (microspheres) suspended in a fluid 
medium such as silicone or hydraulic oil. Their rheological properties, thus their 
viscosity and yield stress, can continuously be varied and controlled in an optimal 
fashion by applying a varying magnetic field. The potential benefits of employing 
smart MR fluids are: 1) to produce adequate damping at critical flight conditions 
while concurrently reducing periodic hub loads at other flight conditions, 2) to 
compensate and/or provide required damping at different extreme ambient 
atmospheric conditions associated with desert, high-altitude or severe cold weather 
operations, 3) to compensate damping losses due to large damper temperatures arising 




individual lag dampers utilized in a rotor and help minimize the impact on rotor 
tracking conditions. 
There are two fundamental configurations of elastomeric and fluid-elastomeric 
(FE) lag dampers that are well suited for introducing an adaptable material, such as 
MR fluids, to develop a hybrid magnetorheological fluid-elastomeric (MRFE) lag 
dampers. The first configuration is the tubular configuration, where an elastomeric 
material is bonded and sheared between two concentric circles that move relative to 
each other to construct an elastomeric lag damper, while a viscous fluid is included in 
the inner cylinder for the case of a tubular FE damper. The second configuration is 
the round-stacked or snubber type configuration, where a snubber type elastomeric 
damper is built from a laminated stack of alternating elastomeric-metallic rings with 
an elastomeric center wall running along the diameter. In the case of a snubber type 
FE damper, the elastomeric body of the damper is filled with viscous fluid to induce 
viscous damping. The elastomeric lag dampers in both tubular and snubber 
configurations are typically made of highly-damped, filled elastomers to provide the 
required damping. They exhibit a non-linear hysteretic behavior under dynamic 
loading. In the case of FE dampers, the elastomer, in both configurations, is not 
primarily employed to generate damping, thus its design is based on enhanced fatigue 
life and greater modulus range [2]. To supply the required damping, the viscosity of 
the enclosed fluid and the orifice geometries are optimized. By introducing a smart 
MR fluid in elastomeric lag dampers or replacing the viscous fluid with MR fluids in 
FE dampers as the working fluid inside the elastomeric bearing or snubber, and an 




lag dampers can be significantly enhanced. Deformation or flexing of the elastomeric 
body results in relative motion between damper body and a retrofitted 
magnetorheological (MR) valve, forcing MR fluid to flow through the valve, where it 
can be activated in real time. The basic advantage of such an approach is that there 
are no sliding seals involved like in hydraulic dampers, thus, their susceptibility to 
external or environmental leakage and associated damping losses are minimized. 
They also require less maintenance as there are no sliding seals exposed to wear and 
tear, which involve frequent inspection, overhaul and replacement. Further, while the 
stiffness of the elastomeric material can be utilized as an additional rotor hub design 
parameter and the total damping is provided by the combination of the elastomer 
(minimal in FE damper case) and MR fluid, the hybrid magnetorheological fluid and 
elastomeric (MRFE) lag damper can actively and selectively augment damping over 
critical frequency ranges and operating conditions, and enhance stability of the 
helicopter. Last but not least, the passive damping, in both the elastomer and MR 
damping components, can potentially provide a fail-safe damping in the event of 
reduced or no-power operation where control of the field dependant MR damping is 
partially or totally lost. 
Corresponding to the two basic elastomeric and FE lag damper configurations, 
there are two MRFE damper designs that can be developed from these types of lag 
dampers. The first one is the linear stroke MRFE lag damper which is developed from 
a tubular configured elastomeric or FE damper. Schematics of this tubular (also 
known as concentric bearing) type MRFE damper is shown in Figure 1.2a. This type 




type elastomeric damper [13, 14], and a brief discussion is outlined here. The linear 
stroke MRFE damper consists of an elastomeric layer between concentric cylinders 
and an MR reservoir enclosed with in the inner tube. The nominal overall length of 
the original elastomeric damper is 150 mm, the thickness of the elastomeric layer is 
6.5 mm and the inner diameter of the inner tube is 45 mm. To provide adaptive and 
active damping, an MR valve compatible in size with the inner tube and contained in 
a piston is retrofitted or seated in the inner chamber. The relative motion between the 
outer cylinder to which the rod and piston are attached, and the inner tube leads to a 
shear deformation of the elastomer along the damper body length, and forces the MR 
fluid to flow through the field activated gaps in the piston and the passive gap 
between the inner cylinder or tube and the piston outer diameter. The elastomeric 
body and the MR damping in this configuration are assumed to be decoupled systems, 
since each component responds to dynamic loading independent of the other. The 
total damping of the system can be estimated by the linear superposition of the 
damping from its components. Note that this MRFE damper has the same over all 
dimensions as the original damper, which should make it a direct replacement for the 
existing elastomeric damper. The original elastomeric lag damper has a total weight 
of 0.54 kg, while after the introduction of the MR valve and piston, and MR fluid, the 
MRFE weighs about 1.30 kg. 
The second MRFE damper configuration, which is proposed in this research, is a 
snubber type MRFE damper, which is developed from a round-stacked or snubber 
type FE damper. Schematics of this snubber type MRFE damper is shown in Figure 




damper offers a compact size, light weight, multi-axis operation, and longer service 
or fatigue life than elastomeric lag dampers. The MRFE lag damper is also intended 
to maintain these properties. The elastomeric body of the FE damper is used to seal 
and pump fluid between chambers to create the required damping. Fluid performance 
is tailored somewhat like a hydraulic damper, while the elastomer is formulated for 
high endurance life to minimize the space envelope [2]. The cylindrical body of the 
snubber type MRFE damper consists of a multiple lamination of metallic and 
elastomeric ring layers, with an outer circumferential metal plate midway along body 
height. The nominal overall height of the original elastomeric damper is 4.2 in (106 
mm) and diameter of 4.65 in (118 mm). Elastomeric deformation forces fluid to flow 
through a vertical, elastomeric center wall that contains two flow ports. This wall 
essentially separates the internal damper cavity into two fluid reservoirs. Note that the 
baseline FE damper (Bell 430 damper) is assembled as a molded unit, so there is no 
possibility for fluid to be exchanged from one reservoir to the other without passing 
through one of the flow ports. This behavior can potentially be maintained in 
developing the MRFE damper. This will completely avoid the use of internal 
dynamic seals to prevent unnecessary passive flow passages between the fluid 
chambers. To provide adaptive or active damping, up to four MR valves compatible 
in size with the chamber dimensions can be introduced at the two port holes, two on 
each side of the center wall. The relative motion between the MRFE damper mid 
plate and the outer (top and bottom) plates deforms or flexes the elastomeric body, 
and forces the MR fluid to flow through the field activated gaps in the MR valves. 




MRFE damper can be controlled and optimized as required. In addition, the MRFE 
damper developed would occupy the same space envelope as the original FE damper, 
making it interchangeable with the existing FE lag damper on the helicopter rotor 
system. Since the damper development replaces the existing viscous fluid with MR 
fluid and only introduces two additional MR valves, the weight penalty could be kept 
to the minimum. 
The snubber type MRFE damper includes damping and stiffness effects from its 
elastomeric body and damping from MR component, and an appropriate analytical 
model is necessary to describe the behavior of the damper. First of, the behaviors of 
these materials is very complex. Constitutive behaviors and characteristics of both 
elastomers and MR fluids are non-linear and dependent on amplitude and frequency 
of loading motion. In addition, material properties of elastomers and MR fluid are 
affected by temperature. The elastomer in this MRFE configuration is not only 
exposed to shear deformation, but also to volumetric expansion, which introduce 
additional stiffness and damping in the system. Since the elastomeric body in this 
design acts as an accumulator and a pump, the two systems, i.e. the elastomer and the 
MR components in this configuration are completely coupled systems, so that the 
dynamics are more complex. These behaviors will make characterization, modeling 
and design of the MRFE lag damper a very challenging endeavor. The fundamental 
requirement for an accurate damper characterization and modeling can be viewed 
from two perspectives: 1) to design and predict damper performance a priori, such 
that requirements are met before development and production, and 2) damper 




of the helicopter rotor, thus accurate damper model will help in attempts to predict 
these stability characteristics. 
Thus, the objective of the current research can be summarized as: 1) developing a 
snubber type MR fluid-elastomeric (MRFE) lag damper, 2) evaluating its controllable 
damping performance under different loading conditions encountered by a helicopter 
lag damper, 3) evaluating MRFE damper characteristics under varying operating 
temperature conditions and asses its damping compensation associated with 
temperature, 4) developing an MRFE damper model to accurately describe MRFE 
damper dynamic behavior, and 5) evaluation of the temperature compensating 
behavior of the MRFE damper  employing different control schemes. 
1.2 Smart MR Fluids: A Material Review 
MR fluids belong to a special class of fluids that change their rheological 
properties on the application of a magnetic field. Conventional MR fluids are 
composed of micron-sized ferromagnetic spherical particles suspended in a 
hydrocarbon, silicone, or aqueous carrier fluid. The size of the particles is usually on 
the order of 1 to 10 microns. Upon application of a magnetic field (on-state), the 
particles acquire a magnetic polarization and attract one another, forming a chain-like 
structure that join to form fibrils parallel to the applied field. This initially viscous 
liquid/particle suspension (~0.1 – 0.3 Pa s) without an applied magnetic field (off-
state) is converted to a semi-solid in the presence of a field with an extremely high 
change in viscosity (~105 – 106 times) and a substantial field-induced yield stress of 
up to 100 kPa is required to break the chains and shear the material [15, 16]. The 




off-state and on-state variation of the applied shear stress in the MR fluid with shear 
strain rate. At off-state condition, the MR fluid behaves basically as a Newtonian 
fluid, with a constant viscosity, given by the slope of the line. Upon the application of 
a magnetic field, the fluid initially behaves as a rigid material. But as the applied 
shear stress increases and reaches the yield stress τy, the fluid yields and induces fluid 
flow. Thereafter, a finite fluid flow can be maintained by the applied shear, and the 
MR fluid behaves as a Newtonian fluid in this post-yield condition. The slope of the 
curve in the post-yield region is assumed to be equal to the zero field viscosity of the 
fluid. The fast response (in milli-second) and controllability of MR fluids have made 
them very attractive for implementation in semi-active smart vibration-absorption 
systems [17], primary vehicle suspension systems [18, 19], landing gear for aircraft 
[20-22], adaptive crew seats for vibration [23-25] and shock isolation [26-27].  
The field dependent shear strength of MR fluids depends on several factors 
including the size, composition, and volume fraction of the particles, the strength of 
the applied magnetic field, and the particle geometry. Increasing the volume fraction 
of particles in the suspension results in an increase in the achievable yield strength, 
but also results in an increase in the off-state viscosity. Commercial MR fluids are 
generally composed of 30 to 40 vol. % of particles within the suspensions.  As the 
applied magnetic field is increased, the shear strength of the fluid increases until the 
magnetization saturation of the particles is reached [28].  Increasing the size of the 
particles increases the shear strength of the fluid [16]; however, spherical particles 
larger than about 10 µm tend to settle rapidly even with the addition of special 




indefinitely suspended by Brownian motion), but greatly reduce the yield strength of 
the MR fluid [29-32]. Within the ideal size range of 1-10 µm diameter particles, 
sedimentation still occurs due to the inherent density difference between the particles 
and the carrier fluid.  Once settled, the spherical particles tend to form tightly packed 
sediments caused by remnant magnetization and are not easily re-dispersed [33].  
Since the yield stress of MR fluids is directly related to the volume fraction of 
particles in the suspension, the behavior of the fluid is less predictable during this 
remixing period.  Problems associated with settling and tightly packed sediment 
formation have been partially reduced by the addition of special additives, such as 
surfactants, nanoparticles and other non-spherical particles [31, 32, 34-36].  
Sedimentation of the particles in conventional MR fluids is a key hurdle to overcome 
before more diverse applications can be realized [34].  
Previous studies suggest that MR fluids utilizing non-spherical iron particles 
exhibit enhanced rheological properties as well as greater stability [16, 37]. MR fluids 
composed strictly of nanowires have displayed better performance in terms of 
magnetoreology and stability than corresponding fluids containing only spherical 
particles at similar volume fractions [16]. This sedimentation stability has been 
demonstrated for MR suspensions that contain 6 vol. % of iron nanowires only, which 
produced fluids that did not settle even after 2 months [16]. However, these studies 
were limited to low particle volume fractions of 10 vol. % (48 wt. %) or less, thus 
producing small yield stresses that are largely insufficient for most dynamic 
applications. Thus, by replacing part of the microsphere particles of a high vol. % MR 




novel MR fluid, called dimorphic MR fluid. These fluids were created at UMD 
CORE research lab with the aim of improving the settling properties of MR fluids 
while maintaining a higher vol. % of ferromagnetic particles and, thus, a greater 
workable yield stress than fluids using strictly nanowires. These substitutions 
significantly reduced the rate of particle settling, enabling the MR fluid to maintain a 
uniform dispersion without marked sedimentation for an extended period of time. In 
addition, at the level of nanowire concentration and geometry studied, it was possible 
to maintain the high level of yield stress observed in conventional microsphere-based 
MR fluids. A detail description and results of this study is given in Appendix A. 
The dependence of MR fluid property on temperature is a crucial aspect that 
needs to be addressed in the design of MR devices such as dampers. Both the 
viscosity and yield strength of MR fluids decreases with increasing temperature. The 
viscosity of MR fluid decreases rapidly with temperature, thus decreasing the off-
state and the post-yield viscosities. However, the yield stress property of MR fluids 
shows a stable behavior over a wide range of temperature. They exhibit a relatively 
small yield strength reduction (~10%) over a temperature range of -40oC to 150oC 
[38]. 
1.3 Literature Survey 
1.3.1 Elastomeric Lag Dampers 
Elastomeric dampers employing filled elastomeric material technology have 
been established to be sufficient in providing damping augmentation in helicopter 
rotor systems. In order to provide the required damping, a highly-damped elastomeric 




conditions. The main advantage is their simple design, light weight and few 
components. They do not also employ dynamic seals, they show gradual wear and 
tear which is visually detectable, and thus are easier to maintain, more reliable, and 
have longer service life. These elastomeric lag dampers have been used widely in 
both articulated and hingeless/bearingless helicopter rotor system to provide required 
damping. 
Ideal viscoelastic materials under sinusoidal excitation can effectively be 
characterized using the complex modulus method. In this model, the energy stored in 
the system is the measure of the storage modulus and the energy dissipated is the 
measure of the loss modulus, and can equivalently be represented by a Kelvin model. 
The behavior of a viscoelastic material represented by the Kelvin model consists of a 
Newtonian damper and a Hookean elastic spring in parallel, and the resulting 
hysteresis loop is elliptical in shape. For a constant test condition (constant amplitude, 
frequency, pre-load and temperature conditions) many elastomeric or rubber materials 
(for example Lord SPE17 elastomer) show this kind of behavior under dynamic 
applications. In these kind of materials, non-linear behaviors arise from variations in 
excitation amplitude, frequency, pre-load and temperature conditions. The elastomer 
is excited harmonically over a spectrum of amplitude, frequency, temperature and 
pre-load, and its corresponding complex moduli are then computed from the test 
results. These frequency domain complex modulus can then be introduced in time 
domain as a Hookean stiffness and Newtonian damping of the Kelvin model to 




The model parameters can then be either compiled into an easily accessible “look-up 
table” or expressed as a series of functions that are fitted to the computed parameters. 
On the other hand, almost all elastomeric lag dampers are highly damped, filled 
elastomers (Lord BTR and SPE I elastomers) and exhibit a non-linear hysteretic 
behavior that is also dependent on displacement and velocity, resulting in a non-
elliptical force-vs-displacement curve when undergoing harmonic excitation [3-5, 
39]. This non-linear behavior is mostly based on the interaction between fillers and 
rubber compound inside the filled elastomeric material [13, 40]. Before a large 
deformation of the filled elastomeric lag damper occurs, an intact filler structure 
displays a large stiffness and small loss factor for small amplitudes. As the input 
displacement increases, the filler structure starts to break resulting in a corresponding 
loss in stiffness. The breaking of the filler structure is similar to that of frictional 
behavior. The continuous breaking of the filler structure increases the loss factor, thus 
increasing also available damping from the damper. As the input displacement 
increases further, the frictional effect is fully released, and both stiffness and loss 
factor drop to lower levels, which then are maintained relatively constant by the 
remaining polymer chain [13]. The linear complex modulus method, while useful in 
evaluating the general damper performance, does not fully capture the non-linearities 
arising in filled elastomers. To account for the non-linear behavior, Felkner et al [6] 
proposed a non-linear complex modulus model, where stiffness and damping are non-
linear functions of displacement. Even though this approach was useful in describing 
the displacement dependent complex modulus and in dual frequency studies, the 




and Panda et al [4] modified the Kelvin model by replacing the dashpot with a 
variable friction damping element. The model is shown to correlate well with  the 
experimental data over the range of frequency and amplitude tested. Krishnan [42] 
developed a model by adding a cubic spring in parallel to the Kelvin chain. Snyder et 
al [3] improved this model by adding an elasto-slide element in series with the cubic 
spring. Both models were shown to capture the non-linear elastomeric damper 
hysteresis. Behavior of a viscoelastic solid can be represented by a standard linear 
solid model or sometimes known as the Zener model, which basically is a Kelvin 
model with a leading spring in series. Gandhi and Chopra [43] utilized this analogy 
and developed a non-linear viscoelastic model by employing a non-linear leading 
spring. In this study, the model parameters were identified using complex modulus 
data published by McGuire. Thus, the fidelity of the model in capturing the non-linear 
hysteresis is not assured. Lesieutre and Bianchini [44] developed the anelastic 
displacement field (ADF) model to characterize the dynamic performance of a linear 
viscoelastic material. The development of the ADF model is based the notion of 
scalar internal variables or “augmenting thermodynamic fields” (ATF) that described 
the interaction of the displacement fields with irreversible processes occurring at the 
material level. Instead of the thermodynamic processes themselves, the ADF 
approach focuses on the effects of such processes on displacement fields which 
combine elastic and anelastic fields. Although no explicit physical interpretation is 
given [13], the anelastic part might consist of numerous sub-systems which considers 
the effects of multiple relaxation processes. But, a single ADF model is mechanical 




behavior, Govindswamy et al [45] developed a non-linear ADF model which has a 
similar mechanical analogy as the linear version but employs non-linear springs and 
dashpot. The model was able to show at room temperature the variation of the 
complex modulus with amplitude, and capture and match the stress-strain hysteresis 
at a fixed frequency (4Hz). However, it was unable to capture both the frequency and 
amplitude dependence simultaneously [46]. To further improve performance, 
different functional forms of the ADF system have been proposed. Brackbill et al [46] 
added a discrete friction damping and linear spring elements in parallel with the 
nonlinear ADF model in order to capture the rate-independent nonlinear dissipative 
behavior of elastomer due to the presence of filler materials which adds in parallel to 
the rate-dependent (viscous) damping of the rubber. The introduced parameters result 
from amplitude dependent-relaxation. Including more friction-spring pairs, at the 
expense of adding more model parameters, results in a more accurate curve-fit over a 
broad frequency and amplitude range. As many as sixteen parameters were used to 
construct the model and the parameter determination process was complicated by the 
fact that some parameters were chosen by empirical observation. Ramrakhyani et al 
[47] replaced the discrete friction–spring elements with a continuously yielding 
element and the multiple linear elastic ADF elements with a linear fractional 
derivative element and was able to reduce the number of model parameters to eight. 
However, it did not improve the hysteresis loop prediction and model parameter 
determination remained complicated. Recently, Hu et al [5] developed the rate-
dependent elastoslide model based on the triboelastic theory [48, 49] that combined a 




with a yield-distribution function to account for yield force. The theory of 
triboelasticity stated that the behavior of a filled elastomer can be represented by a 
large or infinite number of alternate springs and frictional slides in series, and each 
slide has a constant yield force and each spring has a constant stiffness [5, 13]. 
Coveney et al [48] developed a three-parameters standard triboelastic solid (STS) 
based on theory of triboelasticity and further developed a four-parameter rate-
dependent triboelastic (RT) model. These models gave a satisfactory representation of 
material behavior. However, since the yield force is fixed along different slides, these 
models show less flexibility to represent the amplitude dependent behavior for 
different filled-level materials. The rate-dependent elastoslide model consists of a 
large number of rate-dependent elastoslide elements with different yield levels and a 
parallel linear spring element. The elastoslide element is used to simulate the 
frictional behavior of the filler structure in the elastomer, and the linear spring 
represents the remaining material stiffness. The model is shown to predict well 
damper response within the range of amplitudes and frequencies investigated. 
Characterization of elastomeric lag dampers under varying operating temperature 
conditions is of significant importance in assessing damper performance. In a typical 
damping device, there are two main sources of temperature variation in the system: 
(1) ambient atmospheric temperature conditions which tend to decrease or increase 
damper operating temperature; and (2) in-service self-heating which is associated 
with internal energy dissipation. Elastomeric dampers are shown to exhibit 
thermoviscoelastic behavior, where the damper’s complex modulus changes non-




a temperature dependent softening and stiffening at low and high temperatures 
respectively [3, 50] which can have an adverse effect on damper performance. When 
exposed to low temperatures, elastomeric materials tend to become hard and firm. Its 
elasticity decreases and damping is increased [51]. Hausmann and Gergely [50] 
conducted temperature tests to characterize the effects of operating temperature and 
self-heating on damper performance. The hysteresis plots clearly showed the decrease 
in dissipated energy as elastomer temperature is increased. Experimental results have 
also shown a significant reduction in linearized in-phase and quadrature modulus in 
elastomeric lag dampers with increasing temperature [3, 50, 52]. Some proposed 
models have tried to incorporate the effects of temperature in predicting dynamic 
behavior of elastomeric lag damper. Based on the complex modulus method, 
Hausmann and Gergely [50] developed a series of shift functions to characterize the 
thermoviscoelastic behavior of elastomeric lag dampers. The amplitude dependence 
of the complex modulus is introduced through one fit-function, while temperature 
effects are addressed through another, which is then coupled to the frequency fit-
function. The procedure was able to accurately capture the storage and loss modulus. 
Snyder et al [3] introduced a linearized saturation-decay-rate equation to capture the 
trend of the parameters of the Kelvin chain with cubic spring and elasto-slide element 
model. Although, at each test temperature, the fit-function coefficients were evaluated 
at every frequency and amplitude combination, the model was able to capture the 
non-linearity in the elastomeric lag damper. Temperature effects were also examined 
using initially a single non-linear amplitude dependent ADF model and later a linear 




model was able to predict fairly well the high-temperature performance of the 
elastomeric damper at a frequency of 10 Hz. Having a multi-ADF system in the later 
model are shown to improve temperature behavior over a broad frequency range, with 
limited accuracy. Since additional ADF fields increase the number of degree of 
freedom in the system, the complexity of the model is also increased in parallel. 
1.3.2 Fluid-elastomeric (FE) Lag Dampers 
Elastomeric lag dampers demonstrate damping and stiffness losses as amplitude 
of input excitation and frequency is increased. The large reduction in damping as the 
amplitude of loading motion increases leads to excessive size and weight of dampers 
in order to accommodate all operating conditions [7]. At small lead-lag 
displacements, these elastomeric dampers show low loss factors and high stiffness, 
resulting in unfavorable limit cycle instabilities. In forward flight conditions, the 
blade lead-lag motion in helicopters occurs at two frequencies, the lag/rev frequency 
and 1/rev frequency, and as the 1/rev amplitude is increased, it substantially reduces 
damping at lower lag/rev amplitudes, thus causing undesirable limit cycle 
oscillations. In order to address these undesirable effects of elastomeric dampers, a 
fluid-elastomeric (FE) lag damper, also known as Fluidlastic® lag damper, which 
combines viscous fluid damping and elastomeric material, was designed by Lord 
Corporation [2, 4, 8, 9]. These fluid-elastomeric (FE) lag dampers employ bonded 
elastomeric technology which is used to seal and pump a non-toxic viscous fluid to 
provide damping. Some of their advantages include simplicity, lightweight, small 
space envelope, multi-axis capability, energy storage and fatigue properties, 




dynamic or sliding seals, extremely close tolerances, plated surfaces and polished 
finishes on components [2, 8].  Since they are hermetically sealed, they are not 
subjected to leakage and are designed to be maintenance-free. They show gradual 
deterioration which is visually detectable before the dynamic characteristics are 
degraded. The majority of damping is supplied through viscous damping, and  the 
elastomeric material employed need not be selected based on its damping property, 
but rather on its stiffness and shear fatigue properties. Recent dynamic tests have 
demonstrated that FE dampers show less dependency of elastic stiffness on the input 
amplitude and higher loss factor than elastomeric dampers. 
The complex modulus method is usually employed to characterize the over all FE 
damper behavior. It gives a relatively accurate performance of the damper system in 
terms of the stored energy (storage modulus) and dissipated energy (loss modulus) 
when excited under sinusoidal excitation. However, the complex modulus 
linearization technique does not identify the inherent hydraulic behavior of the FE 
damper under sinusoidal excitation. The model does not describe adequately the 
actual physical flow phenomenon or flow dynamics in fluid based FE dampers. It 
treats the damper as a bulk body or a ‘black box,’ and tries to depict the over all 
performance of the system by relating the output to the input though the complex 
modulus or Kelvin model. Parameter identifications are also based on test results. 
However, the snubber type FE damper, which is the damper of interest in this 
research, has its body or chambers made of elastomeric material into which fluid is 
contained resulting in two completely coupled systems (hydraulic and mechanical). 




and adequately explain the inherent coupling effect. Since the complex modulus 
model is insufficient to describe the dynamics of the snubber type FE device, it 
becomes very difficult: 1) to design and predict damper performance a priori, before 
development and production, and 2) to be applied in dynamics and aeromechanical 
stability analysis of the helicopter rotor. Few models based on lumped parameter 
approaches have been proposed to model the hysteretic behavior of a snubber type  
FE lag damper [2, 53, 54]. These models are shown to give good correlation between 
measured data and model results for the range of test performed. Even though the 
models try to distinguish the contributions from system components, they fall short in 
accurately describing the flow dynamics of the hydraulic system [53, 54]. All model 
parameters are estimated and optimized without enough discussion of their physical 
interpretations and reasoning, and their associated derivations. The shear and bulge 
stiffness of the FE damper are given as non-linear functions of displacement and 
velocity. The model results have shown the shear stiffness to be more dominant than 
bulge stiffness; however, in-house test results have suggested otherwise. The damping 
from elastomer shear and bulging, and plus the hydraulic or viscous damping are all 
given as a non-linear functions of velocity. Again, the model damping from shear 
deformation is significant, but in-house testing have shown that minimal damping is 
gained from elastomer in shear, and majority of the damping from the FE device is 
due to flow resistance or viscous flow (70% - 80%). The reasoning behind the fluid 
inertial effect and fluid mass amplification outlined in the models were not clearly 
explained. The models, which are formulated and validated at room temperature, 




Characterization of fluid-elastomeric lag dampers under varying operating 
temperature conditions is of significant importance in damper performance. In a 
typical damping device, there are two main sources of temperature variation in the 
system: (1) ambient atmospheric temperature conditions which tend to decrease or 
increase damper operating temperature; and (2) in-service self-heating which is 
associated with internal energy dissipation. Temperature effects on elastomeric 
dampers behavior were discussed previously (see section 1.3.1). In typical fluid or 
hydraulic dampers, the dependence of liquid viscosity with temperature is a trend 
where liquid viscosity decreases with increasing temperature. Generally, viscosity 
decreases rapidly with temperature [55]. The damping force of a hydraulic damper 
system is directly proportional to viscosity of the enclosed fluid. Thus, as the fluid 
temperature increases, fluid viscosity tends to decline, resulting in lower damping 
forces. Furthermore, fluid-elastomeric lag dampers present additional complexity as 
they are coupled devices of elastomeric and hydraulic systems. Once again, the 
complex modulus method is usually employed to characterize the over all FE damper 
behavior at varying temperatures. It gives a relatively accurate performance of the 
damper system in terms of the stored energy (storage modulus) and dissipated energy 
(loss modulus) when excited under sinusoidal excitation at different temperatures. In 
the lumped parameter modeling discussed in the previous paragraph [53, 54], 
temperature effects are accounted by introducing a non-linear ADF (Anelastic 
Displacement Field) and slider elements [56] in parallel with the room temperature 
model [54]. This modification further introduces eight parameters, which makes 




accounted the temperature dependent behavior of the FE damper elastomeric body, 
and the temperature characterization of the hydraulic system was not addressed. 
1.3.3 Semi-active Lag Damping: MR and MRFE Lag Dampers 
Magnetorheological fluids typically consist of spherical micron-sized magnetic 
particles (microspheres) suspended in a liquid medium such as silicone or hydraulic 
oil [57, 58]. Their rheological properties, and thus their yield stresses and viscosities, 
can be rapidly and continuously controlled by varying the applied magnetic field. 
Conventional MR fluids utilize spherical micron-sized iron particles at high weight 
fractions and are shown to exhibit high yield stresses, up to 100 KPa [15, 16]. The 
fast response and controllability of MR fluids have made them very attractive for 
implementation in semi-active smart vibration-absorption systems [17], primary 
vehicle suspension systems [18, 19], landing gear for aircraft [20-22], adaptive crew 
seats for vibration [23-25] and shock isolation [26-27]. Because the yield stress of the 
MR fluid exhibits a substantial controllable range when a magnetic field is applied, 
many MR fluid based devices were designed such that their damping level can be 
controlled in feedback by applying a magnetic field [59, 60]. 
The study of semi-active damper technology in helicopter rotor systems dates 
back to the 1990’s when the Commanche helicopter was reported to be encountering 
a significant air resonance due to the non-linearity of the elastomeric damper [9, 13]. 
One key research topic that resulted was improving the performance of the lead-lag 
damper. To this effect, a significant progress was the development of the hybrid fluid-
elastomeric (FE) lag damper exclusively designed and manufactured by Lord Corp. 




and their damping properties will vary due to excitation displacement and velocity, 
ambient temperature variations and in-service self-heating, resulting in uncertainties 
in lag damper performances. MR fluids have been found very attractive in their 
feasibility to enhance helicopter rotor lag damping systems. The potential application 
of hydraulic type or linear stroke MR dampers in mitigating ground resonance 
instabilities has been explored [61]. Even though there are a number of control 
schemes developed in controlling smart fluid based dampers [62-66], there only has 
been limited work explored in helicopter lag damping control scheme development 
using MR dampers. Marathe et al [59] combined an MR damper model into a rotor 
aeromechanical model and investigated the effects of two different control schemes 
on rotor stability. The two control schemes were the On-Off scheme and the 
Feedback Linearization scheme, and they were compared for lag transient responses 
in ground resonance and their ability to reduce periodic damper loads in forward 
flight. The results implied that using a shear mode MR damper of size comparable to 
an elastomeric lag damper can provide sufficient damping for ground resonance 
stabilization and can significantly reduce periodic damper loads with a judicious 
choice of operation scheme. The On-Off scheme is simple and easy to apply, but it is 
not optimal in reducing hub loads. Feedback linearization control was more versatile, 
however it was recognized that since such algorithm is developed based on the MR 
damper model, its performance is sensitive to model error or uncertainties [67]. 
Gandhi et al [67] explored the effects of MR fluid damper model uncertainties on 
helicopter rotor system stability when feedback control law was utilized. The study 




ratio, to a sufficiently high value, limit cycle instability can eventually be eliminated, 
for given uncertainty bound. However, large prescribed damping ratios would result 
in high periodic damper loads in forward flight. The study suggested that the periodic 
damper loads can be substantially reduced, while maintaining stability, if a band-
rejecting filter is used which eliminates the 1/rev periodic component of velocity and 
leaves only the perturbation velocity in the feedback signal. Zhao et al [60] developed 
a different linearization feedback control strategy to integrate the MR damper into 
classic linear ground resonance analysis, and be applied to the ground resonance 
problem to stabilize an unstable rotor system assuming an isotropic rotor hub (all 
damper and blades similar), and to control undamaged dampers to recover rotor 
stability in case of an anisotropic rotor hub due to damper damage and/or degradation. 
The study showed that using MR dampers and a semi-active controller can stabilize 
an unstable rotor and maintain the design stability margin in the rotor system. In 
addition, the robustness study showed that MR dampers, actuated with a properly 
designed controller, can recover stability when the rotor system loses stability due to 
damper degradation, except in the case where 100% damping was lost on one blade.  
Magnetorheological (MR) lag dampers can experience a large temperature 
variation as a result of extreme atmospheric weather conditions or due to heating 
caused by self-heating and magnetic circuit. So far, very limited studies have dealt 
with the effects of temperature and heat transfer in MR lag dampers, while some 
work has been done on generic MR dampers. Gordaninejad and Breese [68] and 
Dorgruoz et al [69] presented theoretical analysis for temperature increase in different 




experimental results. The results exhibited a significant reduction in peak force with 
rising temperatures, and this was attributed to the reduced viscosity of the fluid. As 
the MR fluid’s temperature rises, the viscosity decreases and consequently the 
damping force decreases. However, since the variation in yield stress of MR fluid 
between room temperature and 150°C was not more than 5%, it was assumed to be 
independent of the temperature and a function of the applied field only [69]. Thus, 
MR dampers have the potential to compensate damping degradation due to a rise in 
temperature by increasing the applied magnetic field until the required damping is 
attained. The above results did not consider the effects of a control scheme. Liu et al 
[70] formulated a skyhook controller that is temperature dependent for a vehicle 
suspension employing MR damper. The results indicated that the compensated 
skyhook control system offers improved overall performance as compared to the 
uncompensated skyhook control system at the operating temperature range of an off-
road MR damper application. The effectiveness of the temperature feedback 
increased with increasing temperature. Since the plastic viscosity of the MR fluid 
increased exponentially with decreasing temperature, at lower temperatures the 
uncontrollable viscous damping force becomes the dominant one, and the effect of 
temperature compensation diminishes. Batterbee and Sims [71] examined 
temperature dependent dynamic behavior and investigated various control strategies 
of an MR vibration isolation system. The study showed that there is a limited 
reduction in yield force with increasing temperatures, which was attributed to a 
reduction in the MR fluid’s yield stress. Secondly, the slope of the post-yield force-




reduction in fluid viscosity. Finally, the size of the force-velocity hysteresis loop 
reduces which was attributed to the change in damper stiffness caused by the rising 
accumulator pressure with increasing temperature. Various controllers were also 
compared in order to assess their relative robustness against temperature uncertainty. 
These were proportional, PID, gain scheduling, and on/off control. Each system was 
configured to implement a semi-active skyhook control law. Control system 
experiments were performed at different temperatures using the hardware-in-the-loop 
simulation method. All control schemes were shown to be equally sensitive to 
temperature. A numerical control sensitivity analysis showed that viscosity variation 
have the most significant effect on stability, while damper stiffness has a notable 
influence and the change in yield has a negligible impact. Even though all the 
investigations mentioned above discussed temperature effects on some MR devices, 
they do not address particular application in helicopter rotor and corresponding lag 
damping applications. Future works on MR lag dampers should address these issues 
since MR lag dampers offer an opportunity to enhance stability augmentation 
strategies over passive elastomeric dampers. 
 Recent work has been done to evaluate the feasibility and capabilities of 
employing MR dampers in conjunction with elastomeric materials in helicopter lead-
lag damping applications. Kamath et al. [10, 72] modified a pair of 1/6th Froude-
scale Comanche helicopter fluid-elastomeric lag dampers to a pair of hybrid 
elastomeric-MR dampers and demonstrated their capability for lag mode damping 
applications. Hu et al. [7] also conducted analytical and experimental studies on a 




dampers. In this preliminary MRFE damper test set up, there were two distinct 
damping components: 1) an elastomeric damping component, and 2) a magneto-
rheological damping component. The elastomeric damper was a double lap shear, 
high loss factor filled elastomer, while the MR damping component was comprised of 
two linear stroke MR dampers. In this parallel configuration, the damping 
contribution from each damping component were found to be additive, so that the MR 
and elastomer damper can be characterized independently [7, 13]. This experimental 
feasibility study demonstrated a significant controllable damping dynamic range that 
was provided by the MR component of the damper assembly. Recently, a full-scale 
linear stroke tubular magnetorheological fluid-elastomeric (MRFE) lag damper, 
which can be fully integrated into an actual helicopter rotor system, has been 
developed [14]. The linear stroke MRFE lag damper was developed as a retrofit to an 
existing tubular configured elastomeric lag damper. The elastomeric damper modified 
has an elastomeric material bonded between two concentric cylinders, into which a 
piston, an MR valve and MR fluid were introduced. Similar to the preliminary study 
in Ref. [7], the elastomer and MR component of this MRFE lag damper are in a 
parallel combination, and they are assumed to be decoupled, such that their individual 
contribution can be linearly superposed to give the total MRFE damper performance. 
The study has shown that at field-off condition, the MRFE damper behaves as a 
passive FE lag damper. As field is applied to the MR valve, the damping of the 
MRFE device can be varied substantially, and thus, has the potential to augment 
damping over critical frequency range of the helicopter rotor. However, similar to 




substantially affected by temperature. The variation in temperature arise mainly from 
atmospheric conditions and self-heating, and results in an interdependent and 
complex temperature effect since the MRFE damper is a hybrid of elastomeric and 
MR fluid damping systems. However, to date, to the author’s knowledge, there has 
not been any recorded study on the effects of temperature on MRFE lag dampers. 
Further, MRFE damper temperature compensating control schemes should also be 
outlined or investigated in their application in mitigating helicopter rotor instabilities. 
Classic Bingham-Plastic and Herschel-Bulkley based models have been utilized 
to model the non-linear hysteresis of ER and MR devices [73-76]. The classic 
Bingham-plastic model, which is modeled as a parallel combination of a dashpot and 
a Coulomb friction element, accounts well the post-yield behavior of ER and MR 
fluids, while it assumes a rigid fluid behavior in the pre-yield region. Thus, it is 
unable to capture the pre-yield hysteresis behavior. The Biviscous model [77], which 
is an extension of the Bingham-plastic model, utilizes piecewise continuous functions 
to represent pre- and post-yield damping, but the model fails to capture the force-
velocity hysteresis. Further, physically motivated phenomenological and mechanism 
based models have been developed to characterize MR dampers. An extension of the 
biviscous model, the hysteretic biviscous model formulated by Pang  et al [76] 
combines a series of piecewise continuous functions to capture the pre-yield 
hysteresis. Gamota and Filisko [78] developed an expansion of the Bingham model 
by introducing a Zener element in series to capture the pre- and post-yield behavior. 
Kamath et al [10, 72] presented a mechanism based nonlinear piecewise smooth 




viscous models with a series of switching functions to describe the smooth transition 
between the pre-yield and post-yield regions. Phenomenological models employing 
mathematical functions have also been proposed. Choi et al [79] employed a 
polynomial fit to capture the force-velocity hysteresis of an MR damper. Ma et al 
[80] and Wang et al [81] developed a model based on generalized symmetric Sigmoid 
functions to characterize MR behavior. The Bouc-Wen [82, 83] model is a 
phenomenological model which has been well suited in numerical modeling of 
hysteretic systems. The model combines the Bouc-Wen element in parallel with a 
spring and a viscous dashpot. The modified Bou-Wen [83] model introduces 
additional viscous dashpot in series and a spring element in parallel to better predict 
the force-velocity hysteresis. Part of the multi-parametric Bouc-Wen element 
parameters are strong functions of applied field while others are applied to control the 
smooth transition from pre-yield to post-yield regions. A hydromechanical model was 
also developed [84-86] to address the non-linear behavior of MR dampers. The 
hydromechanical model consists of physically motivated hydraulic and mechanical 
lumped parameters to represent fluid inertia, resistance, yield force and compliances 
associated with MR dampers. The model was able to account for the pre-yield 
hysteretic behavior of an MR damper. Recently, Hu et al [87] formulated the rate-
dependent elasto-slide model, which uses a rate-dependent slide in series with a 
spring for pre-yield stiffness. The rate dependent elasto-slide is then combined in 
parallel to a viscous damper to emulate the post-yield behavior of the MR fluid, and a 
stiff spring to represent accumulator and dynamic rod seals. The model has few 




capture and reconstruct the non-linear dynamic hysteresis behavior of elastomeric and 
MR dampers for the tested amplitude and frequency ranges.  
Limited work has been done in modeling hybrid magnetorheological fluid-
elastomeric lag dampers. In the feasibility study carried out on the 1/6th Froude scale 
MRFE damper by Kamath et al [10, 72], the device was decoupled into two 
components combined in parallel: a passive component comprising of elastomer and 
zero-field MR fluid responses and an active components related to the MR effect. The 
MR effect caused by magnetic field application is extracted form the system by 
subtracting the field-off damping force from the field-on force, both measured at the 
same frequency and amplitude. The passive contribution is then modeled with the 
complex modulus method while the active part is modeled with the non-linear 
viscoelastic-plastic model. In feasibility study presented by Hu et al [7] and the full-
scale tubular type MRFE lag damper also developed by Hu et al [14], the elastomeric 
and the hydraulic part are inherently decoupled systems. Thus, each system is 
independently modeled using the distributed rate-dependent elasto-slide model for the 
elastomer and the rate-dependent elasto-slide model for the MR fluid. The total effect 
is a linear summation of the individual contributions. 
 In addition, these parametric models are based on the physical phenomena of the 
system whereby a series of mechanisms and/or mathematical functions are formulated 
to relate the input to the output. There are two main shortcomings in applying these 
models to the snubber type MRFE lag damper under study:  
1) These models do not describe adequately the actual physical flow 




present the interaction between mechanical, hydraulic and 
magnetorheological systems, which is an inherent feature of hydraulic 
based MRFE dampers.  
2) Most models are not sufficient to design and predict damper performance a 
priori, before development and production. 
3) The snubber type MRFE device has a completely coupled elastomeric, 
hydraulic and magnetorheological system which the aforementioned 
models do not address. The snubber type MRFE damper has its body or 
chambers made of elastomeric material into which fluid is contained. 
However, previous models are formulated independently for elastomeric or 
MR damper and do not consider a situation in which the two systems are 
coupled.  
4) Consequently, it is difficult to employ such models to describe the 
dynamics of the snubber type MRFE device, and to be applied in dynamics 
and aeromechanical stability analysis of the helicopter rotor system. 
Hydromechanical modeling has been applied in passive engine mount systems 
[88, 89] and active ER and MR damper systems [84-86], but there only have been 
limited studies in their application in helicopter damping systems and specifically in 
snubber type MRFE lag dampers The hydromechanical approach concentrates matter 
and energy into discrete “lumps,” which lead to ordinary differential equations. In 
contrast, a more complex approach would be to consider a “continuous” distribution 
of matter, which always leads to complex partial differential equations [90]. The 




of connected components or lumps of a system, assuming no span-wise variation 
within each component or lump. The model is a design based model which describes 
the damper system with a series of lumped hydraulic and mechanical components. 
The model employs physical parameters such as inertia, damping, yield force and 
compliances that are dependent on damper geometry and material properties of 
components, which can potentially be approximated a priori. 
1.4 Scope of Current Research 
A semi-active snubber type Magnetorheological Fluid-Elastomeric (MRFE) lag 
damper technology is developed in this research to mitigate amplitude and 
temperature dependent damping loss issues associated with passive elastomeric and 
fluid-elastomeric (FE) lag dampers and to provide adaptable lag damping for varying 
lag damping requirements at different flight conditions. The enhanced and 
controllable energy dissipative behavior, and thus the associated damping, of smart 
MR and MRFE lag dampers have been proven to be potentially effective in helicopter 
rotor stability augmentation. These semi-active damping devices could be a cost-
effective alternatives to existing passive dampers, which can provide adaptive, 
selective and individual damping augmentation of the rotor. They can also be 
designed without changing the existing volume envelope of elastomeric or FE lag 
dampers, paving the way for their smooth integration into the rotor systems. Due to 
MR and MRFE lag dampers low power requirements, power input from neighboring 
systems (for example, powered through existing de-icing slip-ring) can be tapped to 




The current research effort is based on the process of developing and modeling a 
novel snubber type MRFE lag damper. The dissertation is thus organized in 6 
chapters: 
• Chapter 2: The performance of a baseline snubber (also known as round-
stacked) type FE lag damper (Lord Corp. Bell-430 Fluidlastic® lag damper) is 
investigated. Characterization and performance of the FE damper under 
varying single and dual frequency excitation are examined. Further, effects of 
temperature on damper performance were also characterized. To describe the 
dynamic behavior of the FE lag damper, a hydromechanical model was 
developed to describe the damper hysteretic behaviors over a broad amplitude 
and temperature conditions, and the modeling results were correlated with the 
experimental data using measured and optimized model parameters. The 
analysis combines lumped mechanical and hydraulic parameters that can 
describe flow resistance and inertance, and chamber compliances. The model 
effectively describes the contribution from each system component and the 
inherent coupling effect between chamber compliance and viscous damping. 
Extensive FE damper experiments including single and dual frequency at 
varying temperatures were conducted, and the model was validated at all test 
conditions. 
• Chapter 3: The development of a snubber type MRFE lag damper is 
described. The MRFE damper is characterized and its damping performance 
under varying single and dual frequency excitation are evaluated. The MRFE 




hydromechanical model from chapter 2 was re-developed to describe the non-
linear, hysteretic behavior of the MRFE damper over a broad amplitude range, 
under single and dual frequencies. The modeling results were correlated with 
the experimental data using measured and optimized model parameters. The 
analysis combines lumped magnetorheological, mechanical and hydraulic 
parameters that can describe yield strength, flow resistance and inertance, and 
chamber compliances. The model effectively describes the contribution from 
each system component and the inherent coupling effect between chamber 
compliance and viscous damping. 
• Chapter 4: The effects of temperature on performance of the MRFE damper 
are evaluated. Its potential in compensating temperature effects is examined. 
Since hydromechanical model parameters are fundamentally functions of 
damper geometry and material property, temperature effects will only cause 
the latter to change. Thus, material properties at each temperature are initially 
estimated, which later are reasonably scaled as necessary to accurately 
simulate the measured hysteretic force-displacement and force-velocity 
histories of the MRFE damper under single and dual frequency excitations. 
Thus, all except one parameter are estimated using valve geometry and 
material properties.  
• Chapter 5: A feasibility study of applying the MRFE damper in temperature 
compensating control schemes is presented. Using experimental database and 
the hydromechanical model of the MRFE damper, control systems were 




amplitude only, in the presence of measured amplitude and temperature 
variations at the rotor lag/rev frequency (3.8 Hz).  Both gain scheduled 
(interpolating look-up table) and closed-loop (proportional-integral and gain 
scheduling) techniques were employed in simulations and experiments. 
• Chapter 6: Conclusions of the present work and original contributions are 
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Chapter 2: Hydromechanical Analysis of a Snubber Type Fluid-




Most modern hingeless/bearingless helicopter main rotors are equipped with lead-
lag dampers to alleviate aeromechanical instabilities such as air and ground resonance 
resulting from the interaction of the poorly damped regressing lag mode of the rotor 
blades with body support modes. These types of rotors are typically fitted with lag 
dampers made of passive materials, such as elastomers, to dissipate energy. A typical 
elastomeric damper is made of elastomer sandwiched between three parallel 
attachment plates [8]. Another type has a tubular configuration where an elastomeric 
ring is bonded between two concentric cylinders [14]. Compared to conventional 
hydraulic lag dampers, elastomeric lag dampers have lower parts count, are lighter in 
weight, easier to maintain, and more reliable [4, 6]. Unlike hydraulic dampers, 
elastomeric dampers do not produce extremely high damping forces at high lead-lag 
velocities [6]. In order to provide the required damping, a highly hysteretic 
elastomeric material is utilized. Under dynamic lag motions, the elastomer is sheared 
and provides damping through energy dissipation. In addition, the elastomer 
introduces stiffness into the system that can be used as a design parameter to change 




These highly damped elastomeric dampers exhibit a non-linear hysteretic 
response to dynamic loading. Further, the damping and stiffness properties of 
elastomeric dampers are non-linear functions of the lag/rev frequency, dynamic lag 
amplitude, and operating temperature. It has been shown that elastomeric damping 
and stiffness levels diminish markedly as amplitude of damper motion increases [2-
8]. In addition, there is a reduction in dimensional damping as the excitation 
frequency is increased. At small lead-lag displacements, these elastomeric dampers 
have exhibited low loss factor and high stiffness, resulting in unfavorable limit cycle 
instabilities [4]. In forward flight conditions, the blade lead-lag motion in helicopters 
occurs at two frequencies, the lag/rev frequency and 1/rev frequency, and as the 1/rev 
amplitude is increased, it substantially reduces damping at lower lag/rev amplitudes, 
thus causing undesirable limit cycle oscillations [4, 6]. Hence, it is of great value to 
build a lead-lag damper having as simple a design as elastomeric lag dampers, but 
with stiffness and damping characteristics being as independent of the excitation 
frequency and amplitude as possible. This kind of arrangement will broaden the 
operational range over which the designed damping is most effective. To this effect, a 
fluid-elastomeric (FE) lead-lag damper, a combined system of viscous fluid damping 
and elastomeric material, was uniquely designed by Lord Corporation, and is also 
referred to as Fluidlastic® lag damper [2, 4, 8, 9]. FE lag dampers exhibit a much 
stable stiffness and loss factor characteristics that are less dependent on excitation 
amplitude than elastomeric dampers [2, 4, 8]. In this kind of damper arrangement, the 
majority of damping is supplied through viscous damping, thus the elastomeric 




its stiffness and shear fatigue properties [8]. Selection of elastomeric material based 
on fatigue performance will also help reduce the overall damper size. In addition, FE 
dampers are able to provide higher motions and longer service life [2]. Further, fluid 
performance parameters can be optimized to maximize damping by adjusting orifice 
geometries and fluid viscosity, and lowering elastic stiffness by utilizing elastomers 
with improved fatigue life and greater modulus range [2]. This will help the lag 
damper to maintain a steady performance over a wider range of operating spectrum. 
FE lag dampers show a relatively modest dependence of in-phase and quadrature 
stiffness on excitation frequency [8]. 
Characterization of fluid-elastomeric lag dampers under varying operating 
temperature conditions is of significant importance in damper performance. In a 
typical damping device, there are two main sources of temperature variation in the 
system: (1) ambient atmospheric temperature conditions which tend to decrease or 
increase damper operating temperature; and (2) in-service self-heating which is 
associated with internal energy dissipation. Elastomeric dampers are shown to exhibit 
thermoviscoelastic behavior, where the damper’s complex modulus changes non-
linearly with variation in operating temperature [4, 11]. Elastomeric dampers present 
a temperature dependent softening and stiffening at low and high temperatures 
respectively [3, 11] which can have an adverse effect on damper performance. When 
exposed to low temperatures, elastomeric materials tend to become hard and firm. 
Their elasticity decreases and damping is increased [51]. Hausmann and Gergely [11] 
conducted temperature tests to characterize the effects of test temperature and self-




dissipated energy as elastomer temperature is increased. Experimental results have 
also shown a significant reduction in the linearized in-phase and quadrature moduli in 
elastomeric lag dampers with decreasing temperature [3, 11, 52]. In typical fluid or 
hydraulic dampers, the dependence of liquid viscosity with temperature is a trend 
where liquid viscosity decreases with increasing temperature. Generally, viscosity 
decreases rapidly with temperature [55]. The damping force of a hydraulic damper 
system is directly proportional to viscosity of the enclosed fluid. Thus, as the fluid 
temperature increases, fluid viscosity tends to decline, resulting in lower damping 
forces. Furthermore, snubber type fluid-elastomeric lag dampers present additional 
complexity as they are coupled devices of elastomeric and hydraulic systems.  
In the present study, the performance and characteristics of a full scale snubber 
type round-stacked FE lead-lag damper, also known as Fluidlastic® (LORD Corp.) 
lead-lag damper, is investigated at varying operating temperature conditions. Due to 
the kinematical complexity in modern hingeless helicopter main rotors, snubber type 
FE lag dampers are usually made from a laminated stack of alternating elastomeric-
metallic rings, and damping fluids are included in the flexible body to increase 
dynamic range of the FE damper [9]. For this type of damper, the elastomer body 
which contains fluid acts as a seal and as a pump to force viscous fluid between 
chambers to create damping. Consistent with the loading conditions for a helicopter 
lag damper, the FE damper and the FE damper elastomeric body were tested under 
single frequency (lag/rev) and dual frequency (lag/rev and 1/rev) sinusoidal excitation 
at temperatures varying from 10°C to 50°C (50°F to 122°F), which are within the 




an environmental chamber and adjusting the ambient temperature surrounding the 
damper. At each of the set points, the temperature was held constant for up to 60 
minutes prior to beginning the tests, which were performed beginning at temperature 
closest to the ambient and with each successive test moving farther from the starting 
point (colder/hotter than the previous). 
The complex modulus method is employed to characterize the FE damper 
performance as the operating temperature is varied. It is shown that the equivalent 
damping of the FE damper decreases with increasing temperature. In addition, the in-
phase stiffness of the damper tends to decrease with increasing temperature. 
However, the complex modulus linearization technique does not identify and describe 
the inherent hydraulic behavior of the FE damper under sinusoidal excitation. The 
model does not describe adequately the actual physical flow phenomenon or flow 
dynamics in the fluid based FE dampers. It treats the damper as a bulk body or a 
‘black box,’ and tries to depict the over all performance of the system by relating the 
output to the input though the complex modulus. Parameter identifications are also 
based on test results. However, the snubber type FE damper has its body or chambers 
made of elastomeric material into which fluid is contained resulting in two 
completely coupled systems (hydraulic and mechanical). Consequently, it is difficult 
to apply such a model to describe the dynamics of the snubber type FE device. It does 
not present the interaction between mechanical and hydraulic systems, which is an 
inherent feature of hydraulic based FE damper.  
To account for the hysteretic behavior and accurately predict the damping force of 




lumped parameters, is formulated. Few models based on lumped parameter 
approaches have been proposed to model the hysteretic behavior of FE lag damper [2 
53, 54]. These models are shown to give good correlation between measured data and 
model results. However, these models do not describe well the flow dynamics of the 
hydraulic system. The physical interpretation of the analogous mechanical system and 
the logic behind are not well explained. All model parameters are estimated and 
optimized to simulate dynamic damper performance. The shear and bulge stiffness of 
the FE damper are given as non-linear functions of displacement and velocity. The 
model results have shown the shear stiffness to be more dominant than bulge 
stiffness, however test results have suggested otherwise. The damping from elastomer 
shear and bulging, and plus the hydraulic or viscous damping are all assumed to be a 
non-linear functions of velocity. Again, the model damping from shear deformation is 
significant, but in-house testing have shown that minimal damping is gained from 
elastomer in shear, and majority of the damping from the FE device is due to flow 
resistance or viscous flow ( up to 80%). The reasoning behind the fluid inertial effect 
and fluid mass amplification outlined in the models were not clearly explained. The 
models, which are formulated and validated at room temperature, utilize as many as 
fourteen parameters [53, 54]. To account for temperature effects, a non-linear ADF 
(Anelastic Displacement Field) and slider elements [46] are added in parallel with the 
room temperature model [54]. This modification further introduces eight parameters. 
In addition, the ADF based model only accounted the temperature dependent 
behavior of the FE damper elastomeric body, and the temperature characterization of 




The proposed hydromechanical model was formulated to model the dynamic 
behavior of a snubber type fluid-elastomeric lag damper. Although hydromechanical 
modeling has been applied in passive systems [88, 89], there only have been limited 
studies in their application in helicopter damping systems and specifically in snubber 
type FE lag dampers, which are coupled systems of hydraulic and elastomeric 
material. The hydromechanical model is a design based model which describes the 
time-varying behavior of a series of lumped hydraulic and mechanical components of 
a damper system. The model describes the physical flow dynamics of the system and 
takes into account chamber compliance, fluid inertance and resistance. Thus, model 
parameters can potentially be determined from damper geometry and material 
properties. Model parameters at different test temperatures basically vary depending 
on damper material behaviors at the specified temperatures. Once model parameters 
have been established at each test temperature, the model is shown to reconstruct 
quite accurately the measured hysteretic force-displacement, force-velocity and force-
time histories under single and dual frequency excitations. 
2.2 Temperature Testing of FE Lag damper 
A pictorial and section view of the baseline FE damper is shown in Figures 2.1a 
and 2.1b. The flexible body of the damper is made of metallic shims interspersed with 
elastomeric layers, or a multiple lamination of metallic and elastomeric ring layers. 
These laminates are bonded to metallic plates at both ends. At center height, a 
circumferential middle plate is attached to the elastomeric cylinder wall. A flexible 
center wall is placed in the middle of the cavity of the snubber body. This flexible 




completely molded at both ends to the elastomeric damper body. This creates two 
distinct volume chambers into which a viscous fluid is poured and completely sealed. 
Note that this baseline FE damper (Bell 430 damper) is factory assembled as a 
molded unit, so there is no possibility for fluid to be exchanged from one reservoir to 
the other without passing through one of the flow ports located in the center wall. 
There are four threaded holes for filling and draining fluid, two on each side of the 
damper. Once fluid is poured into the chambers, the holes are bolted and a 
compression bolt is mounted through the center hole of the damper assembly, which 
creates a positive internal pressure. This damper has a compact size with a height of 
about 106. 68 mm (4.20) in and diameter of 118.11 mm (4.65 in). In the current 
helicopter rotor system as shown in Figure 2.2, each blade is equipped with a pair of 
FE lag dampers. The lag dampers, which are housed in the pitch horn adapter 
assembly, are attached to the inboard side of the blade cuff or torque tube, which in 
turn is attached to the blade and flexure at its outboard end. The paired lag dampers 
are interconnected by a shear restraint that is installed in the composite yoke flexure. 
The relative motion of the flexure yoke and the torque tube, which constitutes the 
lead-lag motion, deforms the paired lag dampers. The flow ports are located in the 
middle of the flexible center wall, and the deformation of the snubber body can force 
the fluid to flow between chambers through these port holes, providing the required 
blade lead-lag damping. 
To begin evaluating the FE damper performance, its dynamics are first studied. 
For small displacement applied at the center of the damper, the FE damper is assumed 




intended to accommodate both radial and translational lead-lag motions of the blades. 
However, for small displacement, approximation of the actual lead-lag motion of the 
rotor blades with translational motion is assumed to be acceptable. The forcing 
function is applied at the damper mid-plate which creates a triangular damper 
deformation with the upper and lower plates. This causes the volume of one of the 
elastomeric chambers to decrease, forcing the fluid to flow through the flow ports into 
the other chamber as the other chamber volume increases to compensate for the in-
flow. Due to the absence of a well defined piston and the complex damper features, 
the input displacement excitation is not uniform throughout the damper height. It 
varies from zero at damper extremities to maximum at damper center, which is the 
input displacement from the MTS machine. However, all damper analysis is 
evaluated based on the input excitation at damper mid-plate. 
To mimic the lead-lag motion of helicopter blades as applied to the FE lag 
damper, a test fixture was fabricated to hold dampers in a 24.5 kN MTS servo-
hydraulic testing machine. Figure 3.3a shows the baseline FE lag damper test set-up 
where the mid-plate is connected to the load cell by means of the test jig via an 
extension rod. The lower mounting bracket is attached to the lag damper through a 
mounting rod that is slotted in at the mounting hole, located at the lag damper center, 
passing through the center wall. The lower mounting bracket is attached to the MTS 
actuator through an extension rod. The center wall is oriented horizontally such that 
the motion of the MTS actuator connected to the lower bracket forces fluid to flow 
from one chamber to the other, by deforming the elastomeric outer wall, and 




LVDT sensor and load cell of the MTS machine. The frequencies of excitations were 
chosen to be 3.8 Hz and 5.8 Hz, which correspond to an actual rotor system lag/rev 
and 1/rev or rotor RPM frequency. Damper testing was carried out with varying 
excitation amplitudes. The excitation amplitudes ranged from 0.762 mm (30 mil) to 
3.81 mm (150 mil) in increments of 0.50 mm (20 mil) at both lag/rev and 1/rev 
frequencies. 
To evaluate FE damper performance at varying temperatures, the damper was 
place in an ATS environmental heating chamber or test oven as shown in Figure 3.3b. 
This test oven is capable of generating temperatures as high as 425°C. It is also 
designed for cryogenic cooling, and liquid nitrogen (LN2) tanks were used for lower 
temperature tests (10 and 20ºC). The oven is designed to be mounted on the MTS 
machine (Figure 2.3a) using mounting brackets. The environmental heating chamber 
is equipped with a temperature control system, which regulates and maintains the 
desired temperature as measured by the control thermocouple. These experiments 
were conducted by placing the damper in the environmental chamber and adjusting 
the ambient temperature surrounding the damper. Because the temperature tests were 
performed on a factory sealed FE damper, it was not possible to access inner damper 
body and the enclosed fluid to measure and control their temperature. Thus, based on 
our experience with a similar but modified damper with accessible fluid chambers, in 
the current FE damper, at each test temperature, the ambient chamber temperature 
was held constant between 45 to 60 minutes prior to the beginning of each test. It is 
assumed within this time range, the damper inner and outer temperatures are the same 




For single frequency evaluation, sinusoidal displacement tests were carried out 
with varying excitation amplitudes. The excitation amplitudes ranged from 0.762 mm 
(0.03 in) to 3.81 mm (0.15 in) in increments of 0.50 mm (.02 in) at both lag/rev and 
1/rev frequencies. The single frequency force-displacement and force-velocity data 
were utilized to estimate the hydromechanical model parameters and evaluate model 
dependability. For dual frequency tests, a dual frequency combination of 3.8 Hz/5.8 
Hz was used to evaluate the fidelity of the model in multi-frequency loading 
scenarios.  
During each test, the sampling frequencies were 1024 Hz and 512 Hz for the 
single and dual frequency tests respectively, which are considerably higher than the 
required Nyquist frequency. Nominally, ten cycles of force and displacement data 
were collected at each test set up. To reduce the noise of the input sinusoidal 
displacement signal, a Fourier series was used to reconstruct the input displacement. 
The reconstructed displacement signal was then differentiated to obtain the velocity 












































Any bias and higher harmonics at single frequency tests were filtered, so as only the 
frequencies of interest, i.e. ω =  ωlag and ω = ωpri, remained. Then the displacement 











For dual frequency evaluation, the HP8904A function generator was used to create 
and sum the two sinusoidal signals in order to attain an accurate dual frequency 
excitation. The general equation for the input dual displacement signal is expressed 
as: 
 )tsin(X)tsin(X)t(x priprilaglag ωω +=  (2.4) 
where ωlag and Xlag represent the lag/rev (lag mode) frequency and the corresponding 
input amplitude while ωpri and Xpri represent the 1/rev (rotor) frequency and the 
corresponding amplitude. The signal is periodic with a period equal to the frequency 
corresponding to the highest common factor of the two harmonics, which is 0.2 Hz. 
Thus, the displacement input signal was filtered using the Fourier expansion at 0.2 Hz 
as the base frequency. The first twenty-nine harmonics were required to reconstruct 
the dual frequency displacement signal. The measured force data at all frequencies 
and temperatures were not filtered and were used in the developed model as recorded. 
At selected amplitude of 2.286 mm, Figures 2.4a and 2.4b show the force versus 
displacement plots of the FE damper at lag/rev and 1/rev frequencies and at varying 
temperatures ranging from 10°C to 50°C. In each force-displacement plot, the area 
enclosed by the hysteresis cycle is proportional to the amount of energy dissipated per 




cycle. It is observed that as damper temperature increased, the area enclosed per 
cycle, and thus dissipated energy per cycle, decreased. Thus, for both frequencies, 
maximum damping was attained at the lowest temperature (10°C), and minimum 
damping at the highest temperature (50°C). 
2.3 Linearized Characterization of FE Lag Damper 
A typical approach for characterization of damper performance is the complex 
modulus method. It is a linear characterization technique of damper properties which 
treats the complex stiffness k* as a combination of the in-phase stiffness k′ and the 
loss stiffness k″, given as: 
)i1(kkik*k η+′=′′+′=  (2.5) 
where the loss factor η is defined as the ratio of the loss stiffness to the in-phase 
stiffness. The damper force is estimated by the first Fourier sine and cosine 
components at the excitation frequency: 
(t)xk)t(xk )tcos(F)tsin(F)t(F cs &ω
ωω
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+′=+=  (2.6) 
The stiffness k′ and k″ are determined by substituting the displacement function and 
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This linearization technique is an approximation because the complex stiffness 
assumes steady state harmonics at the excitation frequency. However, it gives an 
acceptable representation of the linearized in-phase stiffness and equivalent damping 
of the FE damper for comparing overall damping performances under different 
loading conditions and temperature variations. 
The in-phase stiffness k′ and equivalent damping Ceq of the FE damper at lag/rev 
and 1/rev frequencies for different test temperatures are shown in Figures 2.5 and 2.6. 
For all frequency cases, the equivalent damping and in-phase stiffness of the FE 
damper is temperature dependent, decreasing in magnitude as operating temperature 
increases. The damping losses with temperature increment are more pronounced than 
the stiffness losses, where as high as a 50% damping loss is observed at lag/rev 
frequency as the temperature varied from 10°C to 50°C. Further, the equivalent 
damping of the device is moderately dependent on amplitude. In addition, for both 
lag/rev and 1/rev frequencies, similar damping behaviors are observed at all 
temperatures. The in-phase stiffness variation of the FE damper is fairly small at all 
dynamic amplitudes tested at both frequencies. However, the stiffness does show a 
temperature dependent behavior for the range of test temperatures. The in-phase 
stiffness of the damper decreases noticeably as the test temperature is increased from 
10°C to 50°C. However, this loss is not as severe as the damping loss that occurred 
with increasing temperature. 
Helicopter lag dampers encounter multi-frequency excitation, especially in 
forward flight, where the forced lag motion occurs at the 1/rev rotor frequency. Under 




frequency decreases significantly, especially at lower amplitudes. However, in the 
case of the fluid-elastomeric lag damper, the lag/rev damping available at dual 
frequency is higher than the damping at single frequency. This is shown at 10°C and 
50°C in Figures 2.7 and 2.8 respectively. This can be attributed to the increase in flow 
rate, resulting in a rise in viscous losses, as damper stroke is increased. Note that 
majority of the damping is provided through viscous flow. This issue will be 
addressed in Section 2.5. However, the in-phase stiffness of the FE damper remains 
relatively constant at both temperatures. 
2.4 Hydromechanical Modeling of FE Damper 
The aforementioned complex modulus linearized characterization of the FE 
damper is a system or mechanism based model for prediction of the dynamic 
amplitude and temperature dependent damping and stiffness. It, however, does not 
describe the flow dynamics within the FE damper, which is an inherent characteristic 
in a hydraulic based damper system. The model treats the damper as a ‘black box,’ 
and fits the Kelvin model to the over all damper behavior relating output to input. It 
does not describe the inherent hydromechanical coupling phenomenon of the system 
and does not distinguish between the contributions of the elastomeric material and the 
hydraulic system. To better understand the behavior of such a passive device, a 
hydromechanical model based on lumped fluid and mechanical systems is proposed. 
The proposed lumped parameter control volumes are shown in Figure 2.9. For 
clarity, the two flow ports or valves are identified with subscripts a and b. There are 
two volume chambers (1 and 5) which are lumped into fluid pressures P1 and P5 and 




chamber.  Control volumes a2, a3, a4, b2, b3 and b4 are lumped into fluid inertances 
Ia2, Ia3, Ia4, Ib2, Ib3 and Ib4 and passive flow resistances Ra2, Ra3, Ra4, Rb2, Rb3 and Rb4. 
A one-dimensional fluid flow is assumed such that the velocity and pressure of a 
control volume are span wise constant. However, they do vary time wise. In addition, 
an incompressible and laminar flow is also assumed. 
The model is first formulated for a general case where the two flow ports and two 
chambers are assumed to be different. The Kelvin model is assumed for the FE 
damper elastomeric body in shear deformation, where it is modeled as a linear spring 
and linear dashpot combination. The two elastomeric chambers are broken into two 
semi-circular wall connected at the center, and they are assigned masses mr1 and mr5. 
The shear mode in-phase stiffness and equivalent damping of the FE damper 
elastomeric body from the complex modulus method are utilized as the spring 
constants kr1 and kr5 and damping coefficients Cr1 and Cr5. These values are estimated 
by pouring out the viscous fluid from the FE device and testing the FE damper 
elastomeric body (i.e. empty FE damper) at varying temperatures. 
The proposed lumped parameter model includes three lumped masses (mA, mB and 
mr) and three dynamic degrees of freedom (x(t), xA(t) and xB(t)), as will be shown 
later. The governing equation of motion of the elastomer is given by: 









Similar to an elastomer deformed in shear, bulging of an elastomer due to 
volumetric expansion exhibits damping. Colgate et al [91] recommend that some 




compliant damping is captured by introducing a resistant parameter [89] on the net 
flow into the compliant chambers resulting in the volumetric expansion. Thus, 
applying the continuity argument to the volume chambers 1 and 5, we get: 
)))t(q)t(q)t(xA(R)t(P(S)t(q)t(q)t(xA bap555bap &&&&&& −−−=−−  (2.11) 
)))t(q)t(q)t(xA(R)t(P(S)t(q)t(q)t(xA bap111bap &&&&&& ++−−=++−  (2.12) 
where R1 and R5 are the elastomeric resistances. The flow rates through flow ports a, 
and b, in terms of the fluid inertance displacements xa and xb are given by: 
)t(xA)t(xA)t(xA)t(q 4a4a3a3a2a2aa &&& ===  (2.13) 
)t(xA)t(xA)t(xA)t(q 4b4b3b3b2b2bb &&& ===  (2.14) 
where Aai and xai are the cross sectional area and fluid inertance displacement of the 
ith lump in flow port a, and similarly for flow port b. The combined compliances of 
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Here, kc1 and kc5 represent the bulge stiffness effects of the two volume chambers, 
which are dominated by the elastomer bulge stiffness contribution. Due to the 
complexity of the damper design, deformation and the absence of a well defined 
piston, an equivalent piston area, Ap, is formulated to account for the total displaced 
fluid volume. 
Also from the hydraulic model shown in Figure 2.9, the total pressure drop in the 
two flow ports or valves (control volumes 2 to 4) due to fluid flow is given by: 
)t(qR)t(qI))t(P)t(P( aaaa15 +=− &  (2.16) 




























µ  (2.19) 
where ρ is fluid density and lai and Dai are length and diameter of the ith lump in flow 
port a. The equation for the resistance is derived from laminar flow analysis. The 
above equations holds true for the second flow port by replacing the subscript a with 
b. As shown in the above equation, the viscosity µ is a function of temperature, and it 
was estimated at each test temperature using a rheometer. Due to laminar flow 
assumption with low Reynolds number, the minor losses are ignored. 
By eliminating the internal variables P1 and P5 from equations 2.10 – 2.12 and 
2.16 – 2.17, we obtain the following three equations in terms of time varying 
variables: 

























The generalized inertance displacement xA and mass mA, and the viscous damping CA 
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This holds true for the second flow path by replacing the subscript a with b. 
Equations 2.20 – 2.22 are the basic equations of the hydromechanical model 
describing the FE damper system. However, it is still difficult to formulate a 
mechanism and associated equations of motions to describe the system. This is 
primarily due to the fact that the input displacement x, the generalized inertance 
displacements xA and xB are all coupled to each other through the bulge stiffness and 
bulge damping components. This coupling arises from the fact that both flow ports 
experience the same pressure drop (equation 2.16 & 17). In addition, in dissimilar 
valves, which is the initial assumption, there is unequal flow rate in the two valves 
arising from differences in head losses. We can define a transfer function relation of 
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Combining the above equations with the generalized inertance displacements from 
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By plugging equation 2.27 in equations 2.20 – 2.22, we get the following 4 equations 
of motions: 
















































Equations 2.28 – 2.29 describe damper dynamics in terms of generalized inertance 
variable xA and equations 2.30 – 2.31 describe in terms of generalized inertance 
variable xB. However, these sets of equations are coupled through the valve factor 
function ψ. The valve factor ψ which relates the generalized inertance variables, 
theoretically varies from zero (no flow in flow valve b) to infinity (no flow in flow 
valve a). The valve factor is a function of the head losses encountered in the flow 
ports as shown in equation 2.27. Cc1 and Cc5 represent the damping contribution of 
the elastomeric body due to volumetric flexing of volume chambers.  
 Figures 2.10 and 2.11 give the mechanism of the proposed hydromechanical 




systems are composed of parallel and series combinations of linear springs and 
dashpots elements. The analogous mechanical systems (Figures 2.10 and 2.11) and 
associated governing equations 2.28 – 2.31 show that the hydromechanical coupling 
behaviors are evident in the chamber compliance effects (Cc1, Cc5, kc1, kc5). The 
generalized inertance masses (mA, mB) and viscous damping (CA, CB) terms represent 
contributions from the hydraulic component of the device.  
In our present design, since there are two identical flow ports and elastomeric 
chambers, the following assumptions will hold true: kc1 = kc5 = kc, Cc1 = Cc5= Cc, mr1 
= mr5 = mr, kr1 = kr5 = kr, Cr1 = Cr5 = Cr and ψ = 1. Thus, the equations of motion 
from equation 2.28 – 2.29 will further reduce to: 
( ) ( ) )t(F)t(x2)t(xk2)t(x2)t(xC2)t(xk2)t(xC2)t(xm2 AcAcrrr =−+−+++ &&&&&
 (2.32) 
( ) ( ) 0)t(x2)t(xk2)t(x2)t(xC2)t(xC)t(xm AcAcAAAA =−−−−+ &&&&&  (2.33) 
2.5 Parameter Identification and Model Performance 
To begin the optimization procedure to accurately simulate measured damper 
dynamics, some of the parameters were determined initially to lower the number of 
model optimized parameters. Table 2.1 outlines the measured and model estimated 
and dependent parameters. The dependent variables are functions of both the 
measured and estimated parameters. In order to minimize the squared mean error 
between the measured and predicted damping forces of the FE damper at each test 
temperature, a constrained least-mean-squared (LMS) error minimization technique 




stiffness kc and the bulge damping Cc. The rubber mass is neglected in this 
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where F(tj) is the actual measured force, F*(tj) is the calculated force from the 
hydromechanical modeling, tj is the time at which the jth sample was measured and N 
is the number of data points per cycle. 
Neglecting the small density variation with temperature, the inertance was 
assumed to remain constant at all temperatures. The viscosity of the viscous fluid 
enclosed is measured at each test temperature using an Anton Paar Physica MCR300 
parallel disc rheometer. Using the measured viscosity value, the resistance in the port 
holes is estimated. These results are plotted for both lag/rev and 1/rev frequencies in 
Figure 2.12.  As expected, the resistance decreases significantly with decreasing 
temperature. Figures 2.13a and 2.13b show the optimized equivalent piston areas 
obtained from the error minimization procedure at different amplitudes and 
frequencies. At all temperatures, the equivalent area increases as the stroke amplitude 
is increased. In addition, there is a small increase in slope as the operating 
temperature is increased from 20ºC to 30ºC. Figures 2.14a and 2.14b show the 
inertance mass at lag/rev and 1/rev. They show the same trend as the equivalent 
piston area since inertance is constant at all temperatures. The stiffness contributions 
from shear deformation of the FE damper elastomeric body (FE damper without 
fluid) and volumetric deformation or bulging of the elastomeric volume chamber at 
lag/rev and 1/rev are given in Figures 2.15a and 2.15b respectively. At both 




stiffness of the elastomer. Both stiffness values decrease with increasing temperature, 
while they remain relatively constant with varying amplitudes. The damping 
contributions from the hydraulic and mechanical components are given in Figures 
2.16a and 2.16b. The plots show that majority of the FE device damping is provided 
through viscous damping, while elastomeric shear deformation contributes minimal 
damping. The viscous damping, which is proportional to the square of the equivalent 
piston area, increases with increasing input stroke or amplitude. This is why the total 
damping rises with amplitude, as was shown earlier (Section 2.3). The viscous 
damping is notably affected by temperature, exhibiting a reduction by more than half 
as temperature is varied from 10°C to 50°C.  
The damping force versus velocity cycles at lag/rev and 1/rev frequencies and two 
different operating temperatures are given in Figures 2.17a and 2.17b respectively. 
The plots show that the hydromechanical model closely estimates the actual 
hysteretic damping force behavior of the FE damper from experimental 
measurements. To measure the performance of the hydromechanical model, the 
average error between the measured and estimated force time histories were 
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By determining these force errors, we can quantify the measure of how well the 




maximum error in damping force between the estimated and measured force is about 
5% at lag/rev excitation frequency and 7.7% at 1/rev frequency. 
To predict the response of the FE damper under dual frequency excitation, it was 
subjected to various combinations of lag/rev and 1/rev frequency amplitudes under 
various temperatures, and the force-time history is used to evaluate the model 
performance. The dual frequency test matrix at all temperatures is given in Table 2.2. 
Utilizing optimized model parameters, the FE damper dual frequency response was 
predicted by linear superposition of the estimated damper performance at each 
excitation frequency. The modeling results for a combination of the lag/rev and 1/rev 
frequencies at two different temperature conditions are given in Figure 2.19. In the 
figures, Xlag represent the amplitude of the harmonic input at the lag/rev frequency 
while Xpri represents the amplitude at 1/rev frequency. The results show that the 
hydromechanical model was able to predict FE damper dual frequency performance 
reasonably well over the amplitude and frequency spectrum investigated. 
2.6 Conclusion 
This investigation demonstrates the behavior of a snubber type fluid-elastomeric 
(FE), also known as Fluidlastic® (Lord Corp.), lag damper under dynamic load 
applications at different operating temperatures ranging from 10°C to 50°C. The FE 
lag damper is employed in helicopter rotor system to ensure helicopter stability in 
alleviating air and ground resonances. Unlike elastomeric lag dampers, FE dampers 
provide damping and stiffness that does not diminish with excitation amplitude. At 
10°C and 50°C respectively, the lag mode damping showed a nearly 20% and a 40% 




in), while the stiffness showed a less than 10% variation. However, damper 
performance is substantially affected by ambient operating temperature conditions. 
For instance, at constant amplitudes of 0.762 mm (0.03 in) and 3.38 mm (0.15 in) 
respectively, the lag mode damping showed a nearly 50% and 40% drops as the 
temperature was increased from 10°C to 50°C, while the stiffness was reduced by 
about 20% for both cases.  
The complex modulus method does not describe the flow dynamics that is 
involved in the system. It treats the damper as a bulk body or ‘black box,’ and 
compares the total system performance by relating the output to the input. It does not 
delineate the contributions from the different components of the damper. Hence, to 
better understand the hydraulic characteristics of the FE damper and predict the 
damping force, a hydromechanical model was proposed and formulated. The model 
uses the lumped parameter approach which takes into account the mechanical and 
hydraulic physical phenomena taking place within the damper. The hydromechanical 
model is a semi-empirical model where parameters are fundamentally dependent on 
damper geometry and material properties at a given test condition, which can 
potentially be known a priori or be identified using simple experiments. These 
parameters included fluid viscosity, density, elastomer shear stiffness and damping, 
and damper geometry. These also lead to the identification of dependent parameters 
which are viscous damping and inertance mass effects. Three model parameters were 
estimated from measured damper data. These parameters, which are bulge stiffness 
and bulge damping, and the equivalent piston area, were optimized to accurately 




and corresponding equations of motion are shown to illustrate the flow behavior, as 
well as the coupling between the mechanical and hydraulic systems of the FE damper. 
The model is observed to have good correlation with the measured hysteresis of the 
FE damper for the range of amplitudes, frequencies and temperatures tested and will 






















Table 2.1 Measured, model estimated and dependent model parameters 
Measured Parameters Model Estimated Parameters Dependent Parameters 
Viscosity, µ Eqv. Piston area, Ap Mass, mA
Resistance, R Bulge stiffness, kc Viscous damping, CA
Density, ρ Bulge damping, Cc   
Inertance, I     
Shear stiffness, kr     







Table 2.2 Dual frequency test matrix 
Xlag/rev [in] X1/rev [in] 0.03 0.05 0.07 0.09 0.10 0.13 
0.03  X X X X X X 
0.05  X X X X X   
0.07  X X X X    
0.09  X X X     
0.10  X X      






(a) Factory-sealed FE (a.k.a. Fluidlastic®) Damper 
(b) Simplified Isometric View of the FE Damper 









Figure 2.2: Schematic of main rotor blade with paired FE lag dampers (Courtesy 












(a) FE lag damper test set-up on MTS testing machine 
Un-deformed Deformed 
 x(t) 
(b) Deformation of FE lag damper on MTS testing machine 






(a) lag/rev results 
(b) 1/rev results 
 




(a) Equivalent damping 
(b) In-phase stiffness 
 




(a) Equivalent damping 
(b) In-phase stiffness 





(a) Equivalent damping @ lag/rev 
(b) In-phase stiffness @ lag/rev 





(a) Equivalent damping @ lag/rev 
(b) In-phase stiffness @ lag/rev 





kr5      kr1
S5, P5
 























  (1+ψ) 
k5 C1
x 
Figure 2.10: Analogous mechanical system of the hydromechanical model in terms 
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Figure 2.11: Analogous mechanical system of the hydromechanical model in terms 













(a) Equivalent piston area Ap at lag/rev  
(b) Equivalent piston area Ap at 
1/





(a) Inertance mass mA @ lag/rev 
(b) Inertance mass mA @ 1/rev 






Figure 2.15: Bulge and shear stiffness of FE damper 





(b) Stiffness @ 1/rev 
 
 
Figure 2.16: Damping contribution from FE damper components 











(a) Model performance @ lag/rev 
(b) Model performance @ 1/rev 






(a) Model error @ lag/rev 
(b) Model error @ 1/rev 
 







(a) T = 20°C, Xlag = 1.27 mm, X1/rev = 2.79 mm 
(a) T = 50°C, Xlag = 1.27 mm, X1/rev = 2.79 mm 





Chapter 3: Development, Characterization and Modeling of a 
Snubber Type MRFE Lag Damper 
 
3.1 Introduction 
Magnetorheological fluids typically consist of spherical micron-sized magnetic 
particles (microspheres) suspended in a liquid medium such as silicone or hydraulic 
oil [57, 58]. Their rheological properties, and thus their yield stresses and viscosities, 
can be rapidly and continuously controlled by varying the applied magnetic field. 
Conventional MR fluids utilize spherical micron-sized iron particles at high weight 
fractions and are shown to exhibit high yield stresses, up to 100 kPa [15, 16]. The fast 
response and controllability of MR fluids have made them very attractive for 
implementation in semi-active smart vibration-absorption systems [17–27]. 
Magnetorheological fluids have also been considered for application to helicopter 
rotor lag dampers [7, 10, 14, 72]. Much of this work has been done to evaluate the 
feasibility and capabilities of employing MR dampers in conjunction with elastomeric 
materials in helicopter lead-lag damping applications. Kamath et al [10, 72] modified 
a pair of 1/6th Froude-scale Comanche helicopter fluid-elastomeric lag dampers to a 
pair of hybrid elastomeric-MR dampers and demonstrated their capability in lag mode 
damping applications. Hu et al [7] also conducted analytical and experimental studies 
on a parallel arrangement of an elastomeric lag damper and two conventional MR 
dampers, and demonstrated a significant controllable damping dynamic range. 




(MRFE) lag damper, which can be fully integrated into an actual helicopter rotor 
system, was developed [14]. The study has shown that at the field-off condition, the 
MRFE damper behaves as the baseline FE damper. As field is applied to the MR 
valve, the damping of the MRFE device can be varied substantially, and thus, has the 
potential to augment damping over critical frequency range of the helicopter rotor.  
In the present study, a full scale MR fluid-elastomeric (MRFE) lag damper is 
developed by incorporating two MR valves into a snubber type round-stacked FE, 
also known as Fluidlastic® (LORD Corp.), lead-lag damper. The device was 
experimentally evaluated for its controllable damping capability and dynamic range 
under sinusoidal excitation, consistent with helicopter lead-lag damper loading 
conditions. Due to kinematical complexity in modern hingeless helicopter main 
rotors, a snubber type FE lag damper is usually made from a laminated stack of 
alternating elastomeric-metallic rings, and damping fluids are included in the flexible 
body to increase dynamic range of the FE damper [9]. In the present FE lag damper, a 
multiple lamination of elastomeric and metallic rings forms the cylindrical damper 
body with two chambers. The flexing of the elastomer forces fluid to flow from one 
chamber in to the other through flow ports, thus providing the required damping. This 
FE damper has an advantage over conventional linear stroke hydraulic dampers, as it 
does not include any moving parts, thus avoiding the issue of wear and leakage. 
Although the elastomer introduces a significant stiffness to the system, its damping 
contribution is minimal compared to the viscous damping generated. The MRFE 
damper utilizes the existing flexible damper body and the flexible center wall of the 




each. The MRFE damper can provide controllable damping and can potentially 
augment damping over critical frequency ranges and adverse operating conditions, 
and increase stability of a helicopter rotor. Further, the MRFE damping components 
can still provide fail-safe passive damping in the event of reduced or no-power 
operation. The MRFE retrofit shares a similarity with the baseline FE damper as it 
does not introduce any moving component.  
The complex modulus method is employed to characterize the MRFE damper 
performance and compare it with the baseline FE damper. It is shown that the field-
off damping of the MRFE damper is smaller than the baseline FE damper, and a 
significant damping control range, extending beyond the baseline FE damper, can be 
provided by the MRFE damper with the application of varying magnetic fields. 
However, the complex modulus linearization technique does not identify and describe 
the non-linear behavior of the MRFE damper under sinusoidal excitation, which is a 
consequence of the magnetorheological effect. Various models based on lumped 
parameter approaches have been proposed to model the non-linear hysteretic behavior 
of elastomeric lag dampers [3-6, 41-47], MR dampers [10, 73-87], and hybrid 
elastomeric-MR and MRFE lag dampers [7, 10, 14, 72] under harmonic excitations. 
These models were able to capture and reconstruct the non-linear dynamic hysteresis 
behavior of elastomeric and MR dampers for the tested amplitude and frequency 
ranges. A review of some of the elastomer, FE and MRFE modeling schemes and 
their features, along with the model developed in this paper, are summarized in Table 
3.1. All of these parametric models are based on the physical phenomena of the 




formulated to relate the input to the output. There are two main shortcomings in 
applying these models to the snubber type MRFE lag damper under study:  
1) These models do not describe adequately the actual physical flow 
phenomenon or flow dynamics in fluid based MR dampers. They do not 
present the interaction between mechanical, hydraulic and 
magnetorheological systems, which is an inherent feature of hydraulic 
based MRFE dampers.  
2) Most models are based on parameter identification using test data. Thus, 
they are not sufficient to design and predict damper performance a priori, 
before development and production. 
3) The snubber type MRFE device has a completely coupled elastomeric, 
hydraulic and magnetorheological system which the aforementioned 
models do not address. The snubber type MRFE damper has its body made 
of elastomeric material in which fluid is contained. However, previous 
models are formulated independently for elastomeric or MR damper and do 
not consider a situation in which the two systems are coupled.  
4) Consequently, it is difficult to employ such models to describe the 
dynamics of the snubber type MRFE device, and to be applied in dynamics 
and aeromechanical stability analysis of the helicopter rotor system. 
Thus, a hydromechanical model, which can delineate the physical flow dynamics 
of the system and accurately describe the non-linear hysteretic behavior of the MRFE 
damper is proposed. The hydromechanical model explored in this study is a 




of lumped hydraulic, mechanical and magnetorheological components. The model 
employs physical parameters such as inertia, damping, yield force and compliances 
that are dependent on damper geometry and material properties of components and 
which can potentially be approximated a priori. Previous MRFE dampers have 
decoupled systems, which are basically modeled as a parallel combination of 
elastomeric and MR damper elements [7, 14].  In the current MRFE lag damper, the 
hydromechanical model is able to account for the coupling between the elastomeric 
and MR systems, which is manifested through chamber compliances. Once model 
parameters have been established, the model is shown to simulate accurately the 
measured force-displacement history under single and dual frequency excitations. 
3.2 Development of the MRFE Lag Damper 
A section and schematic view of the baseline snubber type fluid-elastomeric (FE) 
lag damper (Lord Corp. Fluidlastic® lag damper) is shown in Figure 2.1. A discussion 
of the FE damper and its integration in a helicopter rotor system are shown in Figure 
2.2 and discussed in Section 2.2. The design of the MRFE damper requires the 
development and retrofit of two MR valves inside the existing baseline FE damper 
body and exchanging the existing passive, hydraulic fluid with field-controllable, MR 
fluid (provided by LORD Corp.). The development of the MR valves involves fitting 
the existing two port holes located in the center wall with two flow mode MR valves. 
The development of the MR valves inside the existing lag damper center wall is 
shown in Figure 3.1. These internal MR valves are placed at the two existing flow 
ports located in the center wall, one in each hole on each side of the fluid chambers.  




side view of the lag damper with MR valves installed. The new MR retrofit design 
introduces only the MR valves. Thus, the MRFE still maintains the wear and tear, and 
leakage free feature of the baseline FE damper. In addition, this helps minimize the 
weight penalty incurred due to addition of MR components. The baseline FE damper 
was found to weigh about 2.14 kg, while the prototype MRFE damper weighed about 
2.75 kg. This shows a 28% increment in damper weight. Figure 3.2a shows the 
orientation and Figure 3.2b the detailed sketch of one of the incorporated MR valves 
with its basic components. The MR valve includes a bobbin with coil and a flux 
return, which in this case is designed in the shape of a stepped hollow tube, with the 
larger diameter tube accommodating the bobbin, and the smaller tube to be threaded 
into the flow ports.  The diameter of the flow port was made as large as possible in 
order to reduce viscous losses in the passive length of the ME valve. Magnetic field is 
provided by an electromagnet enclosed in the valve such that the MR fluid flowing 
through the flow valve can be activated. Feed-troughs were incorporated into the new 
top plate of the MRFE damper to access the enclosed electromagnet wires to supply 
current. 
Figure 3.2b also shows the flow path of the MR fluid in the valve. The 
electromagnetic coil in the MR valve is wound around the bobbin, which is inserted 
into the flux return. Initial MR valves were designed using a Herschel-Bulkley model 
[74] with flow index of n=1, i.e., Bingham-Plastic model. The annular gap thickness 
d can be varied by changing the radius of the bobbin r, changing the inner diameter of 
the flux return ring, or changing both at the same time. The active valve length Lc can 




well. Overall, the maximum size of the valve, specified by the flux return outer 
diameter Do and the valve length Lp determine whether the valve satisfies two key 
design imposed by a retrofit to the baseline FE damper body, that is, the required 
stroke of the damper is the same as the baseline damper and the MR valves avoid 
contact with the outer cylindrical wall. Figure 3.2b also depicts the path of the 
magnetic flux, which is initiated upon application of a current. In addition to 
imposing constraints on valve sizing, the current MR retrofit package creates 
unfavorable passive viscous losses due to unavoidable fluid flow through small 
diameter passage ways and 90° turns, resulting from the existing FE lag damper 
design feature. Thus, MR valves were further adjusted empirically based on test data 
until acceptable performance was attained. Future designs can avoid these 
unfavorable conditions by designing an MR valve that can be fully imbedded within 
the center wall of the baseline FE damper, while maintaining straight flow passages.  
Figure 3.3 gives a picture of the components and assembly of the MR valve, 
which includes the bobbin, coil and flux return. Once the coil is wound on the bobbin, 
it is attached to the flux return using screws. The damper is assembled as a sealed 
unit, so that minimal possibility exists for the fluid to pass from one chamber to the 
other without traveling through the flow port of the MR valve. The original FE 
damper was factory assembled as a molded unit. However, in order to design and fit 
the MR valves, the upper surface of the elastomeric center wall was damaged during 
the disassembly process, as the top plate had to be cut to be removed. A rubber repair 
kit was used to rebuild the wall and provide a smooth surface for sealing with the new 




machined in-house, which are shown in Figure 3.4b. The original baseline FE damper 
is preloaded in compression once the viscous fluid inside the chambers is sealed, 
creating a positive pressure inside damper. However, during assembly of the 
prototype parts, once the MR fluid was injected into the damper and sealed, the 
elastomer was approximately pre-compressed by 18% to create positive inner 
pressure, which was slightly less than the approximately 20% pre-compression of the 
baseline FE damper.  
3.3 Experimental Evaluation MRFE Lag Damper 
The baseline FE damper dynamics discussed in section 2.3 is repeated here for 
convenience. For small displacement applied at the center of the damper, the interior 
of the MRFE damper is assumed to deform in a similar way as the baseline FE 
damper as shown in Figure 2.3b. In the actual rotor blade setting, the FE and MRFE 
lag dampers are intended to accommodate both radial and translational lead-lag 
motions of the blades. However, for small displacement, approximation of the actual 
lead-lag motion of the rotor blades with translational motion is assumed to be 
acceptable. The forcing function is applied at the damper mid-plate which creates a 
triangular damper deformation with the upper and lower plates. This causes the 
volume of one of the elastomeric chambers to decrease, forcing the fluid to flow 
through the flow ports into the other chamber as the other chamber volume increases 
to compensate for the in-flow. Due to the absence of a well defined piston and the 
complex damper features, the input displacement excitation is not uniform throughout 




equals the input displacement excitation, at damper center. However, all damper 
analysis is evaluated based on the input excitation at damper mid-plate. 
To mimic the lead-lag motion of helicopter blades as applied to the baseline FE 
lag damper and the MRFE damper, a test fixture was fabricated to hold dampers in a 
24.5 kN MTS servo-hydraulic testing machine. Figure 3.5 shows the baseline FE lag 
damper test set-up where the mid-plate is connected to the load cell by means of the 
test jig. The lower mounting bracket is attached to the lag damper through a mounting 
rod that is slotted in at the mounting hole, located at the lag damper center, through 
the center wall. The center wall is oriented horizontally such that the motion of the 
MTS actuator connected to the lower bracket forces fluid to flow from one chamber 
to the other, by deforming the elastomeric outer wall, and emulating the lead-lag 
motion. The displacement and force were measured by the LVDT sensor and load cell 
of the MTS machine. The frequencies of excitations were chosen to be 3.8 Hz and 5.8 
Hz, which correspond to an actual rotor system lag/rev and 1/rev or rotor RPM 
frequencies. For the MRFE damper, a DC power supply was employed to provide a 
controlled current input to the MR valve during testing. The applied current varied 
from 0 – 1 A, in increments of 0.25 A. An HP 8904A multi-function synthesizer was 
employed to generate and the sinusoidal signals for the dual frequency tests. All test 
evaluations conducted on the MTS machine were at an ambient temperature of about 
27.5°C, and with no temperature control during testing. 
The steady-state dynamic tests were carried out for three cases: baseline FE lag 
damper, FE damper elastomeric body (FE damper without fluid), and the MRFE 




out with varying excitation amplitudes. The excitation amplitudes ranged from 0.762 
mm (0.03 in) to 3.81 mm (0.15 in) in increments of 0.50 mm (.02 in) at both lag/rev 
and 1/rev frequencies. At each excitation amplitude and frequency, a DC current 
varying from 0 to 1 A was supplied to the MRFE damper. The single frequency force-
displacement and force-velocity data were utilized to estimate the hydromechanical 
model parameters and evaluate model dependability. For dual frequency tests, a dual 
frequency combination of 3.8 Hz/5.8 Hz was used to evaluate the fidelity of the 
model in multi-frequency loading scenarios. The dual frequency test matrix is shown 
in Table 3.2. 
During each test, the sampling frequencies were 1024 Hz and 512 Hz for the 
single and dual frequency tests respectively, which are considerably higher the 
required Nyquist frequency. Nominally, ten cycles of force and displacement data 
were collected at each test set up. To reduce the noise of the input sinusoidal 
displacement signal, a Fourier series was used to reconstruct the input displacement. 
The reconstructed displacement signal was then differentiated to obtain the velocity 












































Any bias and higher harmonics at single frequency tests were filtered, so as only the 
frequencies of interest, i.e. ω =  ωlag and ω = ωpri, remained. Then the displacement 











For dual frequency evaluation, the HP8904A function generator was used to create 
and sum the two sinusoidal signals in order to attain an accurate dual frequency 
excitation. The general equation for the input dual displacement signal is expressed 
as: 
 )tsin(X)tsin(X)t(x priprilaglag ωω +=  (3.4) 
where ωlag and Xlag represent the lag/rev (lag) frequency and its corresponding input 
amplitude while ωpri and Xpri represent the 1/rev (rotor) frequency and its 
corresponding amplitude. The signal is periodic with a period equal to the frequency 
corresponding to the highest common factor of the two harmonics, which is 0.2 Hz. 
Thus, the displacement input signal was filtered using the Fourier expansion at 0.2 Hz 
as the base frequency. The first twenty-nine harmonics were required to reconstruct 
the dual frequency displacement signal. Since the MRFE damper force has a non-
linear behavior, the measured force data at all frequencies was not filtered and was 
used in the developed hydromechanical model as recorded. 
Figure 3.6a shows the lag/rev frequency force versus displacement plots of the 
baseline FE damper, the FE damper elastomeric body (empty FE damper) body, and 
Figure 3.6b for the MRFE damper at current values varying from 0 A to 1 A at a 




by the hysteresis loop is proportional to the amount of energy dissipated per cycle. 
The damping available is in turn proportional to the energy dissipated per cycle. 
Referring to Figure 3.6a, it is observed that the force displacement curves of the 
baseline FE damper and its elastomeric body show fixed damping. The shapes of  
hysteretic force-displacement curves for the FE damper and the FE damper 
elastomeric body dampers are also elliptical in shape, and tilted at a fairly constant 
angle. When the FE damper elastomeric body is periodically excited, the elastomer 
deforms in shear mode, and the relatively small enclosed loop area of the hysteretic 
elastomer plot implies that in the shear mode, it contributes a small fraction of the 
total damping to the baseline FE damper performance. However, its stiffness 
contribution is quite significant. A majority of the baseline FE damping is contributed 
through viscous damping and chamber bulge damping, which is a consequence of 
elastomer-fluid interaction during excitation, resulting in a volumetric expansion of 
the elastomer. Later in the hydromechanical modeling section, it will be shown that 
the primary source of damping is due to viscous flow. From Figure 3.6b, the MRFE 
damper at zero applied magnetic field behaves in a manner similar to the FE damper 
and the FE damper elastomeric body, having an elliptical force-displacement plot. 
Under the application of a magnetic field, the MRFE damper behavior transforms 
substantially, exhibiting significant non-linearity, reflected in the non-elliptical force-
displacement loops. This property, demonstrated in the figure, shows the hysteretic 
behavior of the MRFE damper under varying input currents. As control current is 
applied, the dissipated energy per cycle, thus the available damping in the MRFE 




contribution from the MR effect, on top of the viscous and bulge damping. Further, as 
current is applied to the MRFE damper, there is a large jump in the near zero velocity 
force response (corresponding to maximum displacement), which enlarges the 
enclosed hysteretic loop area. This indicates that the controllable damping behavior of 
the MRFE damper is achieved through the yield stress of the MR fluid in the MR 
valves.  
3.4 Linear Characterization 
A typical approach to characterize damper performance quantitatively is the 
complex modulus method. It is a linear characterization technique of damper 
properties which treats the complex stiffness k* as a combination of the in-phase 
stiffness k′ and the loss stiffness k″, given as: 
)i1(kkik*k η+′=′′+′=  (3.5) 
where the loss factor η is defined as the ratio of the loss stiffness to the in-phase 
stiffness. This technique has been extensively used in characterizing elastomeric, 
fluid-elastomeric and MRFE dampers. The damper force is estimated by the first 
Fourier sine and cosine components at the excitation frequency: 
(t)xk)t(xk        








The stiffness k′ and k″ are determined by substituting the displacement function and 
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This linearization technique is an approximation method in non-linear systems 
because the complex stiffness assumes steady state harmonics at the excitation 
frequency. However, it gives an acceptable representation of the linearized in-phase 
stiffness and equivalent damping of the FE damper, the FE damper elastomeric body 
and the MRFE damper for comparing overall damping performances under different 
loading conditions. 
The in-phase stiffness k′ and equivalent damping Ceq of the FE damper and the FE 
damper elastomeric body (i.e. empty FE damper) at lag/rev and 1/rev frequencies are 
shown in Figure 3.7. We observe that Ceq of the baseline FE damper shows moderate 
amplitude dependence at both frequencies, while it remains fairly constant for the FE 
damper elastomeric body. The equivalent damping Ceq of both the baseline FE 
damper and the FE damper elastomeric body show a weak dependence on excitation 
frequency. Further, the majority of the energy dissipation (damping) is contributed by 
the viscous and compliant components (volumetric expansion of elastomer), with a 
very small contribution from the shear deformation of the elastomer. However, this 
method can not show the individual damping contributions of the viscous and 
compliance components. The in-phase stiffness also shows a fairly weak dependence 
on amplitude, with a maximum increment of about 12% in the case of the baseline FE 




The complex modulus and equivalent damping of the MRFE and baseline FE 
dampers at lag/rev and 1/rev frequencies are shown in Figures 3.8 and 3.9 
respectively. Loss factor is a key characterization parameter to describe the behavior 
of a spring-damper system, which is a ratio between loss stiffness and in-phase 
stiffness. Figure 3.8a gives the loss factor of the MRFE damper at lag/rev frequency. 
The loss factor shown as in dotted line is obtained from the FE damper. The field-off 
loss factor of the MRFE damper is at least 35% higher than the baseline FE damper. 
The loss factor of the MRFE is higher than the baseline FE damper at all times, 
indicating greater available damping. As the applied current initially increases, the 
loss factor of the MRFE damper generally increases, and then shows a reduction at 
lower amplitudes. As shown in Figure 3.8a, the in-phase stiffness of the MRFE 
damper is higher at low displacements and high fields, resulting in a relatively lower 
loss factor. Notably, the loss factor decreases with decreasing amplitude as the 
applied current is over 0.5 A. Note that the off-state in-phase stiffness of the MRFE 
dampers in much lower than the baseline FE damper, which is attributed to the 
damaged elastomeric center wall, which occurred during retrofitting, as mentioned in 
the previous section. Figure 3.8b shows the equivalent damping of the FE and MRFE 
dampers at the lag/rev frequency as a function of lag motion for different constant 
applied currents. The dotted line in Figure 3.8b is the equivalent damping of the 
baseline FE damper. The passive damping component of the MRFE damper has 
additional viscous losses due to the retrofit components. However, since the viscosity 
of the MR fluid in the MRFE device is lower than the silicon fluid used in the 




still lower than that of the baseline FE damper, which was a goal of this study. This is 
a potential benefit for reducing helicopter hub loads since high damping is not 
required for most flight conditions. Comparatively, the maximum field-on equivalent 
damping (1A) of the MRFE damper is much higher than that of the baseline FE 
damper. Notably, the equivalent damping of the MRFE damper can be varied 
dramatically as a function of the applied current, and damping increment of more than 
three fold could be achieved at the lowest lag motion amplitude. This allows a large 
controllable damping range such that the required lag damping at certain flight 
conditions can potentially be achieved.  
Having determined that the MRFE can potentially augment damping at the design 
lag/rev frequency, the next set of results will compare the damping and loss factor of 
this damper at the 1/rev rotor frequency of 5.8 Hz.  Evaluation at 1/rev is important in 
the development of the MRFE damper because this frequency is seen in the blades 
during high speed forward flight. Figure 3.9 displays these results.  The equivalent 
damping at 1/rev resembles the response at lag/rev, in that the range of the MRFE 
damper extends above and below the FE damper performance. The dynamic range of 
the MRFE damper is observed to decrease at this frequency. This decline in dynamic 
range will be addressed later in the hydromechanical modeling section. However, 
turning to the loss factor results in Figure 3.9, it can still be seen that the MRFE 
damper generally has a much better loss factor than the baseline FE damper.  
 Helicopter lag dampers encounter multi-frequency excitation, especially in forward 
flight, where the forced lag motion occurs at the 1/rev rotor frequency. Under such 




decreases significantly, especially at lower amplitudes. However, in the case of the 
fluid-elastomeric damper and MRFE damper at zero field, the lag/rev damping 
available at dual frequency is higher than the damping at single frequency as shown 
in Figures 3.10a and 3.10b. This can be attributed to the increase in flow rate in 
valves as damper stroke increases. This issue will also be addressed in the 
hydromechanical modeling section later. At field on condition, there is an initial drop 
in damping at lower lag/rev amplitudes as the 1/rev amplitude is increased. However, 
it is observed that the MRFE damper provides an extended dynamic range between 
on and off conditions, and a much better loss factor than the FE damper (Figures 
3.11a and 3.11b). 
3.5 Hydromechanical Modeling of MRFE Damper 
Due to the elliptical force-displacement hysteretic behavior of the FE damper and 
the MRFE damper (zero field), the linear complex modulus model (Kelvin type 
model) can capture the hysteresis these dampers exhibit. The amplitude dependent in-
phase stiffness k′ and the equivalent damping Ceq determined from the complex 
modulus method can be applied as the spring stiffness and damping coefficient of the 
Kelvin model. However, in the baseline FE and MRFE damper systems, this method 
cannot delineate the stiffness and damping contributions from the elastomer in shear, 
elastomer compliance and viscous flow. In addition, under the application of a 
magnetic field, the MRFE damper exhibits a non-linear behavior (Figure 3.6b), and 
the complex modulus method cannot accurately capture this behavior. In addition, the 
physical flow dynamics of the fluid or hydraulic based baseline FE and MRFE lag 




predict the non-linear hysteretic damping force of the MRFE damper, a 
hydromechanical model based on hydraulic and mechanical lumped parameters is 
proposed. The proposed lumped parameter control volumes are shown in Figure 3.12. 
For clarity, the two MR valves are identified with subscripts a and b. There are two 
volume chambers (1 and 5) which are lumped into fluid pressures P1 and P5 and 
compliances S1 and S5. Both S1 and S5 represent the compliances of the fluid and the 
chamber.  Control volumes a2, a3, b2 and b3 are lumped into fluid inertances Ia2, Ia3 
Ib2 and Ib3 and passive flow resistances Ra2, Ra3 Rb2 and Rb3. Control volumes a4 and 
b4 are also lumped into fluid inertances Ia4 and Ib4 and passive flow resistances Ra4 
and Rb4 respectively, while ∆Pa4 and ∆Pb4 are the pressure drops due to the yield 
stress of the MR fluid in the corresponding control volumes. A one-dimensional fluid 
flow is assumed such that the velocity and pressure of a control volume are span wise 
constant at a particular time, but are time-varying. In addition, incompressible flow is 
also assumed. 
The model is first formulated for a general case where the two MR valves and two 
chambers are assumed to be different. The Kelvin model is assumed for the shear 
deformation of the MRFE damper elastomeric body, where it is modeled as a linear 
spring and linear dashpot combination. The two elastomeric chambers are broken into 
two semi-circular wall connected at the center, and they are assigned masses mr1 and 
mr5. The shear mode in-phase stiffness and equivalent damping of the MRFE damper 
elastomeric body from the complex modulus method are utilized as the spring 




by pouring out the MR fluid from the MRFE device and testing the MRFE damper 
elastomeric body (i.e. empty MRFE damper). 
The proposed lumped parameter model includes three lumped masses (mA, mB and 
mr) and three dynamic degrees of freedom (x(t), xA(t) and xB(t)), as will be shown 
later. From the Kelvin model, the governing equation of motion of the elastomer is 
given by: 
)t(x)mm())1(P)t(P(A)t(x)CC()t(x)kk()t(F 5r1r15p5r1r5r1r &&& +=−−+−+−
 (3.10) 
Similar to an elastomer deformed in shear, bulging of an elastomer due to 
volumetric expansion exhibits damping. Colgate et al [91] recommend that some 
improvement could be attained in modeling by considering bulge damping. This 
bulge or compliant damping is captured by introducing a resistant parameter [89] on 
the net flow into the compliant chambers resulting in the volumetric expansion. Thus, 
applying the continuity argument to the volume chambers 1 and 5, the following 
equations are obtained: 
)))t(q)t(q)t(xA(R)t(P(S)t(q)t(q)t(xA bap555bap &&&&&& −−−=−−  (3.11) 
)))t(q)t(q)t(xA(R)t(P(S)t(q)t(q)t(xA bap111bap &&&&&& ++−−=++−  (3.12) 
where R1 and R5 represent the elastomeric resistances. The flow rates through valves 
a, and b, in terms of inertance displacements xai and xbi are given by: 
)t(xA)t(xA)t(xA)t(q 4a4a3a3a2a2aa &&& ===  (3.13) 




where Aai and xai are the cross sectional area and fluid inertance displacement of the 
ith lump or control volume. The combined compliances of the fluid chambers for 



















Here, kc1 and kc5 represent the bulge stiffness effects of the two volume chambers. 
Due to the complexity of the damper design, deformation and the absence of a well 
defined piston, an equivalent piston area Ap is formulated to account for the total 
displaced fluid volume due to forced elastomer deformation. 
Inserting equations 3.13 – 3.15 in equations 3.11 – 3.12, and integrating once and 
rearranging gives two equations for the chamber pressures as follows: 
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Also from the hydraulic model shown in Figure 3.12, the total pressure drop in the 
two valves a and b with two passive passages (control volumes 2 and 3) and MR 
valve annular gap (control volume 4) due to flow of the MR fluid is given by: 
))t(qsgn(P)t(qR)t(qI))t(P)t(P( a4aaaaa15 ∆++=− &  (3.18) 
))t(qsgn(P)t(qR)t(qI))t(P)t(P( b4bbbbb15 ∆++=− &  (3.19) 
















































4a τ∆ =  (3.22) 
where l is length of control volume, D is diameter, d is MR valve annular gap (lump 
4) and Ad is the area of the annular gap in the MR valve. Further, ρ is fluid density 
and H is the applied field. Under the Bingham assumption, the fluid viscosity µo and 
the post-yield viscosity µMR  are assumed to be equal (µo = µMR). The Bingham yield 
stress of the MR fluid at the applied magnetic field is represented by τya(H). The term 
∆P can be interpreted as the minimum required differential pressure below which 
flow is fully restricted. The equation for the resistance is derived from laminar flow 
analysis. The above equations also hold true for the second flow path by replacing the 
subscript a with b. Due to laminar flow assumption with low Reynolds number, the 
minor losses are ignored in this investigation. 
By eliminating the internal variables P1 and P5 by inserting equations 3.16 – 3.17 
in to 3.18 – 3.19, we obtain the following three equations of motions in terms of time 
varying variables: 
































The generalized inertance displacement xA and mass mA, and the viscous damping CA 
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∆  (3.26) 
Replacing subscripts A and a with B and b in the above equations will give the 
corresponding terms for the second flow valve. Here, FyA and FyB represent the 
controllable yield forces in each MR valve and are a function of the applied magnetic 
field.  
Equations 3.23 – 3.25 are the basic equations of motions describing the MRFE 
damper mechanism. However, it is still difficult to formulate a mechanism to describe 
the systems. This is primarily due to the fact that the input displacement x, the 
generalized inertance displacements xA and xB are all coupled to each other through 
the bulge stiffness and bulge damping components. In addition, in dissimilar valves, 
which is the initial assumption, there is unequal flow rate in the two valves arising 
from the difference in head losses. We can define a transfer function relation of the 
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By plugging equation 3.30 in equations 3.23 – 3.25, we get the following 4 equations 
of motions: 




















































Equations 3.31 – 3.32 coupled with equation 3.30 describe damper dynamics in terms 
of generalized inertance variable xA and equations 3.33 – 3.34 coupled with equation 
3.30 describe in terms of generalized inertance variable xB. The valve factor, ψ, which 
relates the generalized inertance variables xA and xB, basically varies from zero (no 




head losses encountered in the MR valves as shown in equation 3.30. Bulge damping 
Cc1 and Cc5 represent the damping contribution of the elastomeric body due to 
volumetric flexing of volume chambers.  
Figures 3.13 and 3.14 give the mechanism of the proposed hydromechanical 
model in terms of generalized inertance variables xA and xB respectively. Both 
systems are composed of parallel and series combinations of linear springs, dashpots, 
and Coulomb friction elements. The analogous mechanical systems (Figures 3.13 and 
14) and governing equations of 3.30 – 3.34 show that in the pre-yield region, the 
hysteresis behavior is evident in the chamber compliance effects (Cc1, Cc5, kc1, kc5). 
The Coulomb elements (FyA, FyB), generalized inertance masses (mA, mB) and viscous 
damping (CA, CB) terms represent the post-yield behavior.  
In the present snubber type MRFE damper design, since there are two identical 
MR valves and elastomeric chambers, the following assumptions will hold true: FyA = 
FyB = Fy, kc1 = kc5 = kc, Cc1 = Cc5 = Cc, mr1 = mr5 = mr, kr1 = kr5 = kr, Cr1 = Cr5 = Cr 
and ψ = 1. Thus, equations 3.30 – 3.34 will further reduce to: 
( ) ( ) )t(F)t(x2)t(xk2)t(x2)t(xC2)t(xk2)t(xC2)t(xm2 AcAcrrr =−+−+++ &&&&&
 (3.35) 
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 (3.36) 
3.6 Parameter Identification and Modeling Results 
3.6.1 Single Frequency Performance 
To begin the optimization procedure to accurately simulate measured damper 




parameters. Table 3.3 outlines the measured and model estimated and dependent 
parameters. The dependent variables are product of measured and estimated 
parameters. In order to minimize the squared mean error between the measured and 
predicted damping force of the MRFE damper, a constrained least-mean-squared 
(LMS) error minimization technique was employed to estimate and optimize the 
equivalent piston area Ap, the bulge stiffness kc, the bulge damping Cc and yield force 
Fy. The rubber mass is neglected in this optimization. The error function for the 
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where F(tj) is the actual measured force, F*(tj) is the calculated force from the 
hydromechanical modeling, tj is the time at which the jth sample was measured and N 
is the number of data per one cycle. 
The viscosity and density of the MR fluid is known, so that the fluid resistance 
and inertance values can be estimated using equations 3.20 and 3.21. These values 
remain constant since they are not a function of input displacement and applied 
current. Figures 3.15a and 3.15b show the optimized equivalent piston areas obtained 
from the error minimization procedure at different amplitudes and frequencies. The 
shear stiffness and bulge stiffness of the MRFE damper at lag/rev and 1/rev are given 
in Figures 3.16a and 3.16b respectively. The damping contributions from the 
hydraulic and mechanical components are given in Figures 3.17a and 3.17b. The plots 
show that majority of the MRFE device passive damping is provided through viscous 
damping, while elastomeric shear deformation contributes minimal damping. Figure 




yield force increases with increasing applied current, and this trend is similar at both 
frequencies. 
The damping force versus velocity cycles at lag/rev and 1/rev frequencies and 
different applied fields are given in Figure 3.19. Figure 3.19a shows the force-
velocity hysteresis plots at lag/rev frequency and Figure 3.19b shows at 1/rev. The 
displacement amplitude for each case is 2.286 mm (0.09 in). The figures show that 
the hydromechanical model is able to capture the non-linear dynamic behavior and 
closely estimates the actual hysteretic damping force behavior of the MRFE damper 
from experimental measurements. 
To determine how well the lumped parameter model, the average error between 
the measured and estimated force time histories were calculated. The relative root 

































=  (3.38) 
By determining these force errors, we can quantify the measure of how well the 
model captures the FE damper response. As Figures 3.20a and 3.20b show, the 
maximum damping force between the estimated and measured force is about 7% at 
lag/rev and 6% at 1/rev excitation frequencies. 
The hydromechanical model is formulated on the basis that it can describe or 
estimate the physical flow phenomenon that is inherent to the MRFE damper system. 
Based on this assumption, the MR effect contributed to the damper system is 




2.286 mm (0.09 in), while the current is varied from 0 A, 0.5 A and 1 A. Ignoring the 
inertial term, the MR effective force FMR in each valve of the damper system, as 
extracted from the model, is given by: 
))t(xsgn(F)t(xC)t(F AyAAMR && +=  (3.39) 
The first term in the above equation is related to the viscous effect and the second 
term results from the magnetic effect. These results at field-off condition at lag/rev 
and 1/rev frequencies are shown in Figures 3.21a and 3.21b. From the figure, it is 
observed that as the amplitude of excitation increases, the viscous damping, which is 
the slope of the force versus velocity plot, also increases. This is due to the increment 
in the effective piston area as amplitude is increased, which results in a higher volume 
flow rate. This result is consistent with the results shown at single and dual frequency 
excitation in Figures 3.8 – 3.11. In addition, the MR force-velocity plots at different 
applied currents are shown in Figures 3.22 at lag/rev and 1/rev frequencies 
respectively. The model is able to show the Bingham type flow typical of MR fluids, 
with the y-intercept of the force-velocity plot reflecting the yield force of the MR 
fluid. It is shown that the active damping of the MRFE is contributed by the MR 
effect activated through the applied current. As the applied current is increased, the 
yield force increases, and thus damping is increased. Further, the MRFE damper at 
1/rev frequency is operating in a stronger post yield region, reflected in its higher 
fluid velocity than at lag/rev frequency. The equivalent damping, Ceq, can 










From this equation, it can be seen that the equivalent damping, Ceq is proportional to 
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where F(t) is the model estimated damper force. The model estimated equivalent 
damping at lag/rev and 1/rev are shown in Figure 3.23. The equivalent damping from 
hydromechanical model shows the same trend as the linear characterization, where 
during field-on operation, an increase in the input frequency resulted in a lower 
controllable damping range of the MRFE damper (Figures 3.8 - 3.11), where the 
damping at maximum applied field tends to approach the zero-field performance. 
Further, the total flow rate ( ) and flow rate through MR valves 
( ) at lag/rev frequency were plotted and compared at the field-on condition 
(I = 1 A), at two different input amplitudes. As shown in Figure 3.24a, the MR valve 
flow rate is less than the total. This is manifested in the “No-flow interval” region in 
the figure. At this condition, the MR fluid has not yet yielded and volume 
compensation is attained through bulging of the elastomeric damper body. In 
addition, as the input amplitude increases, more of the total fluid flow goes through 
the valves. This is because the MR fluid yields faster at higher velocity, giving the 
fluid more time to flow through the valves. The portion of the total displaced volume 
per half cycle that flows through the MR valve (% Vol
)t(xAp &
)t(xA2 Ap &
MR) is estimated from the 
















These results are shown in Figure 3.24b for 3.8 Hz frequency. The plot shows that at 
field-on condition, %VolMR increases with increasing amplitude. It is also observed 
that, as the current is increased, %VolMR decreases due to the increased MR effect. 
3.6.2 Performance Prediction Using Hydromechanical Model 
It is to be recalled from Section 3.2 that the MRFE damper is assembled as a 
sealed unit, so that minimal possibility exists for the fluid to pass from one chamber 
to the other without traveling through the flow ports of the MR valves. The original 
FE damper is a hermetically sealed unit which was factory assembled. However, in 
order to design and retrofit the MR valves, the upper half of the elastomeric center 
wall was damaged during the disassembly process, as the top plate of the FE damper 
had to be cut to be removed. A rubber repair kit was used to rebuild the wall and 
provide a smooth surface for sealing with the new top plate. An epoxy sealant was 
used to bond existing and rebuilt elastomeric walls. Even though the bond surface 
adequately sealed the unit, it was not able to maintain the stiffness of the baseline 
damper. This was evident in the stiffness and loss factor plots shown in Figure 3.8.  
The hydromechanical model can thus predict the performance of an MRFE 
damper, which exhibits the same shear and bulge parameters as the baseline FE 
damper. This will help understand the MRFE performance had it been factory 
assembled rather than a retrofit, which future designs are intended to be. To that 
effect, the following parameters of the FE damper from Chapter 2, i.e. shear stiffness 
kr, shear damping Cr, bulge stiffness kc and bulge damping Cc, were applied in the 
current model, holding all other MRFE parameters constant. These adapted  FE 




assumed to give comparable results as the ambient temperature (27.5°C) the MRFE 
damper was tested under. Figure 3.25 gives the results. Figure 3.25a shows the force 
vs. displacement plot of the predicted MRFE damper and that of the FE damper. We 
observe that the peak loads of the predicted MRFE damper at field-off condition and 
that of the FE damper are similar. At this condition, both show also similar inclination 
angle, indicating matching stiffness. In addition, the FE damper has a larger enclosed 
area that the MRFE at zero-field. However, as current is applied, the enclosed area of 
the MRFE gets bigger. Figure 3.25b gives the in-phase stiffness and loss factor of the 
predicted MRFE and baseline FE dampers from the complex modulus method. As 
seen in the plots, the zero field in-phase stiffness of the MRFE is similar to that of the 
baseline FE damper, which was not the case in the retrofitted MRFE damper case 
(Refer to Figure 3.8). In addition, due to the increment in in-phase stiffness, the loss 
factor of the predicted MRFE damper is lower than the retrofitted MRFE damper 
(Figure 3.8), and it also encloses that of the baseline FE damper. 
3.6.3 Dual Frequency Performance 
To predict the response of the MRFE damper under dual frequency excitation, it 
was subjected to various combinations of lag/rev and 1/rev frequency amplitudes 
under various applied currents, and the force-time history is used to evaluate the 
model performance. The dual frequency test matrix at all temperatures is given in 
Table 3.3. Utilizing optimized model parameters, the MRFE damper dual frequency 
response was predicted by linear superposition of the estimated damper performance 
at each excitation frequency. The modeling results for two combinations of the 




3.26 and 3.27. In the figures, Xlag represent the amplitude of the harmonic input at the 
lag/rev frequency while Xpri represents the amplitude at 1/rev frequency. The results 
show that the hydromechanical model was able to predict MRFE damper dual 
frequency response reasonably well over the amplitudes and frequencies investigated.  
3.7 Conclusion 
Hingeless and bearingless helicopters are equipped with lag dampers to mitigate 
instabilities such as air and ground instabilities. Currently, most bearingless 
helicopters utilize either elastomeric or hybrid fluid-elastomeric dampers, which are 
proven to be reliable and maintenance free with on-condition visual monitoring 
requirement. However, elastomeric lag dampers exhibit strong amplitude and 
frequency dependent damping and stiffness losses. In addition, both elastomeric body 
and fluid-elastomeric (FE) dampers are adversely affected by temperature. Unlike 
these passive dampers, an MRFE lag damper has the potential to compensate for 
damping losses due to inherent material properties or extreme environmental 
conditions by the application of a controllable magnetic field. A snubber type MRFE 
damper was developed and investigated to establish its potential in augmenting 
damping during flight conditions where instabilities are likely to occur, and in 
compensating for adverse environmental conditions. 
To this effect, a snubber type FE lag damper was retrofitted to develop an MRFE 
lag damper. The MRFE design does not introduce any moving parts to the system in 
an effort to preserve the proven reliability and maintenance free conditions of the 
original baseline FE damper. This investigation demonstrated the feasibility of using 




experiments. The MRFE damper can provide comparable damping force to the 
baseline FE damper. Moreover, a substantial increase in damping and a wide damping 
controllable range can be gained by using the MRFE damper. More than a 100% 
change in damping was obtained over the amplitude range tested. This damping and 
controllability range of the MRFE damper can be tuned to match actual damping 
requirements of certain flight conditions where stability margins may deteriorate. 
Designing the device with reduced field-off damping helps decrease rotor hub loading 
because higher damping is only required at specific flight conditions. In addition, 
pairs of MRFE damper can be tuned to match one another, thus, enhancing rotor 
blade tracking.  
To account for the non-linear behavior of the MRFE damper, a lumped parameter 
based, hydromechanical model was formulated and validated. The model describes 
the interaction of the mechanical, hydraulic and magnetorheological phenomena 
within the damper system. The hydromechanical model is a semi-empirical model 
where parameters are fundamentally dependent on damper geometry and material 
properties at a given test condition. Thus, physical parameters like fluid inertance and 
resistance, chamber compliance and yield force are considered. It was observed that 
the flow dynamics and coupling between the mechanical and hydraulic systems of the 
MRFE damper were illustrated well by the analogous mechanical system and the 
corresponding governing equations. This model was shown to accurately estimate the 
field-dependent hysteretic damping force and illustrate the physical flow dynamics of 





Table 3.1 Models for elastomeric, FE, MR and MRFE dampers 
    Elastomer FE damper 
MR 
damper MRFE damper 
  Model Linear Non-linear     
De-
coupled Coupled 




[4, 6, 41] 
  X         
3 
Cubic spring + 
Kelvin model [3, 
42] 
  X         
4 Non-linear Zener model  [43]  X          
5 Linear ADF model [44]   X         




slide model [5] 
  X         
8 Lumped parameter model [53, 54]     X       
9 Bingham based models [73 - 78]       X     
10 Viscoelastic-plastic model [10, 72, 78]       X     
11 Function based models [79 - 81]       X     
12 Bouc-Wen model   [82, 83]       X     
13 Hydromechanical model [84 - 86]       X     
14 
Rate-dependent 
elasto slide model 
[87] 
      X     
15 Model {1} + model {10}         X   
16 Model {7} + model {14}         X   




Table 3.2 Dual frequency test matrix 
Xlag/rev [in] X1/rev [in] 0.03 0.05 0.07 0.09 0.10 0.13 
0.03  X X X X X X 
0.05  X X X X X   
0.07  X X X X    
0.09  X X X     
0.10  X X      








Table 3.3 Measured, model estimated and dependent model parameters 
Measured Parameters Model Estimated Parameters Dependent Parameters 
Viscosity, µ Eqv. Piston area, Ap Mass, mA
Resistance, R Bulge stiffness, kc Viscous damping, CA
Density, ρ Bulge damping, Cc   
Inertance, I Yield force, Fy   
Shear stiffness, kr     







(a) MRFE damper top view 
See Figure 3.2 
for details 
(b) MRFE damper section side view 
Elastomer (outer body 
and center wall) 







(a) Orientation of MR valve on center wall 
Flow Path 
(b) MR valve details 






MR valve assembly 





(a) MRFE damper assembly, top plate removed 
New 
compression bolt New top plate 
(b) MRFE damper assembly 











(a) FE damper and FE damper elastomeric body 
(b) MRFE damper 





(a) Equivalent damping 
(b) In-phase stiffness 
 





(a) Complex Modulus 
(b) Equivalent Damping 





(a) Complex Modulus 
(b) Equivalent Damping 
 




(a) FE, lag/rev equivalent damping 
(c) MRFE damper, lag/rev equivalent damping 
 





(b) FE, lag/rev loss factor 
(d) MRFE damper, lag/rev Loss factor 



























Figure 3.13: Analogous mechanical system of the hydromechanical model of the 
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Figure 3.14: Analogous mechanical system of the hydromechanical model of the 






(a) Equivalent piston area at lag/rev, Ap
(b) Equivalent piston area at 1/rev, 










(b) Stiffness at 1/rev    
Figure 3.16:  Bulge and shear stiffness of MRFE damper 
 
 
Figure 3.17:  Damping contribution from MRFE damper components 













(a) Yield force at lag/rev 
(b) Yield force at 1/rev, Fy





(a) Model performance at lag/rev 
(b) Model performance at 1/rev 
Figure 3.19: Experimental and model estimated damping force hysteresis 
 
 
(a) Error at lag/rev frequency 
(b) Error at 1/rev frequency 








(b) Lag/rev FMR vs generalized inertance velocity,  Ax&
X1/rev
(b) 1/rev FMR vs generalized inertance velocity,  Ax&
Figure 3.21: Field-off FMR vs generalized inertance velocity  Ax&
 
 
Xlag = 2.29 mm 
(b) lag/rev FMR vs generalized inertance velocity,  Ax&
(b) 1/rev FMR vs generalized inertance velocity,  Ax&
X1/rev = 2.29 mm 







Figure 3.23: Model estimated equivalent damping 
 
 
No flow intervals 
(pre-yield) 
 
(a) Total and MR valve flow rates at I = 1A,  Xlag = 2.286 mm and Xlag = 0.762 mm 
Xlag
(b) Half-cycle volume flow through MR valve: % VolMR




(a) MRFE damper, F vs. displacement plot 
(b) Complex Modulus 








(a) Field-off @ Xlag = 1.27 mm, Xpri = 1.27 mm 
(b) Field-on (0.75 A) @ Xlag = 1.27 mm, Xpri = 1.27 mm 






(c) Field-off @ Xlag = 3.386 mm, Xpri = 0.762 mm 
(d) Field-on (0.75 A) @ Xlag = 3.386 mm, Xpri = 0.762 mm 




Chapter 4: Characterization and Modeling of MRFE damper 
with Temperature Effects 
 
4.1 Introduction 
In Chapter 3, a snubber type MRFE lag damper was developed by incorporating 
two MR valves into a snubber type FE (also known as Fluidlastic®) lag damper as a 
retrofit. Similar to the baseline FE damper, the retrofitted snubber type MRFE damper 
did not introduce any moving components, thus it does not require dynamic or sliding 
seals so that leakage is minimized. At ambient temperature, the investigation 
demonstrated the feasibility of using the snubber type MRFE damper to mitigate 
helicopter rotor instabilities with fixed frame experiments. The MRFE damper was 
able to provide comparable damping force to the baseline FE damper. Moreover, a 
substantial increase in damping and a wide controllability range was gained by using 
the MRFE damper. Over a 100% change in damping was obtained over the amplitude 
range tested. This damping and controllability range of the MRFE damper can be 
tuned to match actual damping requirements of certain flight conditions where 
stability margins may deteriorate. 
During normal operation, elastomeric, FE and MRFE dampers are exposed to 
temperature variation from two primary sources: (1) severe ambient atmospheric 
conditions arising from cold or hot weather operations which tend to decrease or 




associated with internal energy dissipation. Elastomeric dampers present a 
temperature dependent softening and stiffening at low and high temperatures 
respectively [3, 11] which can have an adverse effect on damper performance. 
Hausmann and Gergely [11] conducted temperature tests that characterized the effects 
of test temperature and self-heating on damper performance. The hysteresis plots 
clearly showed the decrease in dissipated energy as elastomer temperature is 
increased. Experimental results have shown a significant reduction in linearized in-
phase and quadrature moduli in elastomeric lag dampers with decreasing temperature 
[3, 11, 12]. Previous works have shown effects of temperature on fluid based 
conventional linear stroke MR dampers [68-71]. Experimental results have shown 
reduction in damping force of an MR damper due to temperature increase, which was 
attributed to the reduced fluid viscosity [68]. In [71], the main effects of rising 
temperature are describes as a reduction in yield force, a reduction in fluid post-yield 
viscosity and a reduction in the force-velocity hysteresis loop. However, since the 
variation in yield stress of MR fluid between room temperature and 150°C is not 
more than 5%, it was assumed to be independent of the temperature and a function of 
the applied field only [38, 69]. Thus, MR dampers have the potential to compensate 
damping degradation due to a rise in temperature by increasing the applied magnetic 
field until the required damping is attained. Chapter 2 outlined temperature effects on 
FE lag damper. The damping losses with temperature increment are significant, 
where as high as a 50% damping loss is observed at excitation frequency of 3.8 Hz as 
the temperature was varied from 10°C to 50°C. The reduction in damping was caused 




softening. The elastomer and MR fluid components of the snubber type MRFE 
damper from Chapter 3 are also expected to be affected by temperature. Nevertheless, 
the MRFE damper developed in this research has the potential to offset these adverse 
effects by varying the applied field as required.  
In the present study, the MRFE damper developed in Chapter 3 is tested at 
different temperatures ranging from 20°C to 50°C to characterize and compare its 
performance as test temperature is varied. The upper temperature bound was chosen 
to be close enough to the maximum ambient operating range of the FE damper, which 
is 125ºF (51.67ºC). The lower temperature bound was the minimum temperature at 
which the MRFE damper provided a significant controllable damping range. The 
retrofit MRFE damper was developed by threading the two MR valves into the 
existing flow ports of the FE damper. Due to the small space envelope inside the 
damper, the valve sizing had to be checked against the operating stroke range of the 
damper to avoid contact with the outer cylindrical wall. Further, threading the MR 
valves into the flow ports created additional viscous losses due to unnecessary passive 
flow passages in the valves. These small diameter passages created flow chocking at 
temperatures below 20ºC due to the rise in viscosity of the MR fluid. Thus, 20ºC was 
chosen to be the lower bound of the temperature test range.  
Temperature experiments were conducted by placing the MRFE damper in an 
environmental chamber and adjusting the ambient temperature surrounding the 
damper. The MRFE damper performance at each test temperature is compared with 
the baseline FE lag damper tested under same temperature conditions. The complex 




each test temperature, a significant damping control range was provided by the 
MRFE damper that also encloses the FE damper performance at the specified 
temperature. Even though the complex modulus linearization technique is used to 
characterize the MRFE damper, this technique is not adequate to the tasks of 
reconstructing non-linear dynamic behavior of the MRFE damper, especially when 
current is applied. A hydromechanical model that accurately describes the hysteretic 
behavior of the MRFE damper at ambient temperature was developed and validated 
in the previous chapter. In the current chapter, this model is extended to account for 
damper performance variation with temperature. Since model parameters are 
functions of damper geometry and material property, temperature effects will only 
cause the latter to change. Thus, most material properties at each temperature are 
initially estimated, which later are reasonably scaled to accurately simulate the 
measured hysteretic force-displacement and force-velocity histories of the MRFE 
damper under single and dual frequency excitations. 
4.2 Temperature Testing of MRFE Damper 
The flexible body of the baseline FE damper is made of metallic shims 
interspersed with elastomeric layers, or a multiple lamination of metallic and 
elastomeric ring layers. These laminates are bonded to metallic plates at both ends. At 
center height, a circumferential middle plate is attached to the elastomeric cylinder 
wall. A flexible center wall made of rubber runs along the diameter of the flexible 
cylinder, completely molded at both ends to the elastomeric damper body. This 
creates two distinct volume chambers into which a viscous fluid is poured and 




ports that are incorporated in the center wall. There are four threaded holes for filling 
and draining fluid, two on each side of the damper. Once fluid is injected into the 
chambers, the holes are bolted and a compression bolt is mounted through the vertical 
center hole of the damper assembly.  
The design of the MRFE damper requires the development and retrofit of two MR 
valves inside the existing baseline FE damper body and exchanging the existing 
passive, hydraulic fluid with field-controllable, MR fluid (provided by LORD Corp.). 
The development of the MR valves involves fitting the existing two port holes located 
in the center wall with two flow mode MR valves (Refer to Figure 3.3). These 
internal MR valves are placed at the two existing flow ports located in the center wall, 
one in each hole on each of the fluid chambers. The new MR retrofit design only adds 
the MR valves, thus, introducing no moving part to the system. In addition, this helps 
minimize the weight penalty incurred due to addition of components. Detail 
discussions of the MRFE lag damper development are given in Chapter 3. The 
original FE damper is assembled as a factory sealed unit and is preloaded in 
compression. However, because the damper was produced as a molded unit, the top 
layer of the center elastomer wall was significantly damaged during the disassembly 
process, as the top plate had to be cut to get access to damper inner body. A rubber 
repair kit was used to rebuild the wall and provide a smooth surface for sealing with a 
new top plate. Initially, a new elastomeric wall was rebuilt on top of the existing wall, 
however, the bond surface kept failing after a few test runs. Thus, to create a 
sufficiently strong bond between the existing elastomer wall and the rebuilt elastomer 




suffice. In addition, the high pre-compression applied during MRFE assembly (18%, 
see Chapter 3) contributed to the frequent failure of the built rubber and bond surface. 
Thus, during assembly of the prototype MRFE parts for temperature testing, the MR 
fluid was injected and sealed and the elastomer was then approximately 14% pre-
compressed. This pre-compression was also less than the 20% pre-compression of the 
baseline FE damper. This lower pre-compression was necessary to avoid damaging 
the rebuilt elastomer wall and bond surface. The 14% pre-compression was assumed 
to create sufficient positive pressure in the damper. 
The MRFE damper dynamics and the associated deformation have already been 
discussed in Section 3.3, paragraph 1, and will not be repeated here. To mimic the 
lead-lag motion of helicopter blades as applied to the MRFE lag damper, a test fixture 
was fabricated to hold dampers in a 24.5 kN MTS servo-hydraulic testing machine. 
Figure 4.1 shows the MRFE lag damper test set-up where the mid-plate is connected 
to the load cell by means of the test jig via an extension rod. The lower mounting 
bracket is attached to the lag damper through a mounting rod that is slotted in at the 
mounting hole, located at the center of the lag damper assembly. The lower mounting 
bracket is attached to the MTS actuator through an extension rod. The center wall is 
oriented horizontally such that the motion of the MTS actuator connected to the lower 
bracket forces fluid to flow from one chamber to the other, by deforming the 
elastomeric outer wall, and emulating the lead-lag motion. The displacement and 
force were measured by the LVDT sensor and load cell of the MTS machine. The 
frequencies of excitations were chosen to be 3.8 Hz and 5.8 Hz, which correspond to 




excitation amplitudes ranged from 0.762 mm (30 mil) to 3.81 mm (150 mil) in 
increments of 0.50 mm (20 mil) at both lag/rev and 1/rev frequencies. 
To evaluate MRFE damper performance at varying temperatures, the damper was 
placed in an ATS environmental heating chamber or test oven as shown in Figure 4.1. 
The test oven is capable of generating temperatures as high as 425°C. It is also 
designed for cryogenic cooling, and liquid nitrogen (LN2) tanks were used for 
stabilizing lower temperature testing (20ºC). The oven is designed to be mounted on 
the MTS machine (Figure 4.1) using mounting brackets. The environmental heating 
chamber is equipped with a temperature control system, which regulates and 
maintains the desired temperature as measured by the control thermocouple. An 
external thermocouple was also submerged in the MR fluid to provide a measurement 
of the temperature inside the damper before and during testing. The readings from the 
heating chamber control thermocouple and the external thermocouple were matched 
before each temperature test was conducted. In addition, during testing, the real time 
readings from the external thermocouple were used to make sure the MR fluid 
temperature was kept within acceptable range. 
During each test, the sampling frequencies were 1024 Hz and 512 Hz for the 
single and dual frequency tests respectively, which are considerably higher than the 
required Nyquist frequency. Nominally, ten cycles of force and displacement data 
were collected at each test set up. To reduce the noise of the input sinusoidal 
displacement signal, a Fourier series was used to reconstruct the input displacement. 
The reconstructed displacement signal was then differentiated to obtain the velocity 












































Any bias and higher harmonics at single frequency tests were filtered, so as only the 
frequencies of interest, i.e. ω =  ωlag and ω = ωpri, remained. Then the displacement 











For dual frequency evaluation, an HP8904A function generator was used to create 
and sum the two sinusoidal signals in order to attain an accurate dual frequency 
excitation. The general equation for the input dual displacement signal is: 
 )tsin(X)tsin(X)t(x priprilaglag ωω +=  (4.4) 
where ωlag and Xlag represent the lag/rev (lag) frequency and the corresponding input 
amplitude while ωpri and Xpri represent the 1/rev frequency (rotor) and the 
corresponding amplitude. The signal is periodic with a period equal to the frequency 
corresponding to the highest common factor of the two harmonics, which is 0.2 Hz. 
Thus, the displacement input signal was filtered using the Fourier expansion at 0.2 Hz 




the dual frequency displacement signal. The measured force data at all frequencies 
and temperatures was not filtered and was used in the developed model as recorded. 
At a selected amplitude of 2.286 mm, Figures 4.2a and 4.2b show the force versus 
displacement plots of the MRFE damper at lag/rev frequency and varying applied 
currents at two different temperatures, 20°C and 50°C respectively. In each force-
displacement plot, the area enclosed by the hysteresis loop is proportional to the 
amount of energy dissipated per cycle. And the damping available is in turn 
proportional to the energy dissipated per cycle. In both cases, as control current is 
applied, the dissipated energy per cycle, thus the available damping in the MRFE 
device, increases significantly. And at both field-on and –off conditions, the peak 
load at 20°C is higher that at 50°C. This is well illustrated in Figure 4.3, which shows 
the force-displacement plot at field-off (0A) and field-on conditions (1A). 
4.3 Linear Temperature Characterization of MRFE Damper 
A typical approach for characterization of damper performance quantitatively is 
the complex modulus method. It is a linear characterization technique of damper 
properties which treats the complex stiffness k* as a combination of the in-phase 
stiffness k′ and the loss stiffness k″, given as: 
)i1(kkik*k η+′=′′+′=  (4.5) 
where the loss factor η is defined as the ratio of the loss stiffness to the in-phase 
stiffness. This technique has been extensively used in characterizing elastomeric, 
fluid-elastomeric and MRFE dampers. The damper force is estimated by the first 
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The stiffness k′ and k″ are determined by substituting the displacement function and 
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≅  (4.9) 
This linearization technique is an approximation method in non-linear systems 
because the complex stiffness assumes steady state harmonics at the excitation 
frequency. However, it gives an acceptable representation of the linearized in-phase 
stiffness and equivalent damping of the FE and MRFE dampers for comparing overall 
damping performance under different loading conditions. 
The lag/rev loss and in-phase stiffness of the MRFE lag damper at 20°C and 
varying applied currents are shown in Figures 4.4a and 4.4b. Figures 4.5a and 4.5b 
show the same data at 50°C. From Figure 4.4, the field-off loss stiffness, thus 
available damping, is the minimum damping that can be provided by the MRFE 
damper at the corresponding temperatures. As the applied current increases, the loss 
stiffness, thus damping, increases significantly. This implies that the MRFE damper 
can provide a substantial damping control range that can be tailored in an optimal 




20°C, there is an approximately 140% and 40% quadrature stiffness increment at the 
lowest and highest amplitudes respectively. Similarly, at 50°C, the increments are 
about 420% and 55% at the lowest and highest amplitudes. The in-phase stiffness at 
both temperatures also increases with increasing applied field (Figures 4.4b and 45b). 
In addition, at field-on condition, there is an increase in in-phase stiffness as the 
amplitude of excitation decreases. It is also observed that the magnitude of the 
stiffness at 50°C is always lower than that of the 20°C results. There is a minimum of 
25% decrement in in-phase stiffness as the temperature is increased from 20°C to 
50°C. Due to the lower in-phase modulus and relatively higher loss modulus at 50°C, 
its loss factor is expected to be higher. This is reflected in Figure 4.6a.  
The maximum (1A) and minimum (0A) damping available from the MRFE 
damper at lag/rev and different temperatures and the corresponding passive damping 
from the FE damper are shown in Figure 4.6b. The dotted lines in the figure represent 
the equivalent damping of the baseline FE damper at different temperature. As the 
operating temperature is increasing, the available damping from the FE damper is 
substantially reduced. There is an average drop of 35% in FE damping as temperature 
is varied from 20°C to 50°C. There is a similar drop in the field-off damping of the 
MRFE device as temperature is increased. However, since the variation in the field-
on damping (1A) is relatively small, especially at higher amplitudes, the associated 
drop in field-off damping at higher temperatures will result in an improved 
controllable dynamic damping range of the MRFE device. This suggests that, in the 
future, the MR valve could be designed for a lower temperature limit, which 




that, at all temperatures, a controllable dynamic range is provided by the MRFE 
device, and the FE damper performance is enclosed within this controllable damping 
range at the corresponding temperatures. In addition, at lower amplitude, a drop in 
damping is observed as the temperature is goes down. The hydromechanical analysis 
in the later section will address these issues. 
Helicopter lag dampers encounter multi-frequency excitation, especially in 
forward flight, where the forced lag motion occurs at the 1/rev rotor frequency. The 
dual frequency performance of the MRFE damper at 20°C and 50°C are shown in 
Figures 4.7a and 4.7b. Under such circumstances, the field-off lag/rev damping 
available at dual frequency is higher than the damping at single frequency at both 
temperature conditions. This increment is due to the rise in volume flow rate in the 
MR valves, and the logic behind it has been addressed in section 3.6.  
4.4 Hydromechanical Modeling of MRFE Damper 
Figure 4.8 gives the mechanism of the hydromechanical model of the MRFE 
damper developed in Chapter 3, which is composed of parallel and series 
combinations of linear springs, dashpots, and Coulomb friction elements. The 
corresponding governing equations are given by: 
( ) ( ) )t(F)t(x2)t(xk2)t(x2)t(xC2)t(xk2)t(xC2 AcAcrr =−+−++ &&&  (4.10) 
( ) ( ) 0(t))xsgn(F)t(x2)t(xk2)t(x2)t(xC2)t(xC)t(xm AyAcAcAAAA =+−−−−+ &&&&&&
 (4.11) 
The terms kr and Cr represent the shear stiffness and damping of the MRFE damper 
elastomeric body (i.e. empty MRFE damper). Bulge damping Cc and bulge stiffness 




forced deformation and ensuing fluid flow. The rubber mass, mr, is small and its 
effects are negligible without loss of generality. mA accounts for the inertial effect of 
the MR fluid in the MR valve and CA represents the passive viscous damping due to 
flow resistance in the MR valves. Controllable damping enters into the system 
through Fy, which represents the field-controllable yield force of the MR fluid in each 
valve. The snubber type MRFE damper does not have a well defined piston, and fluid 
flow is generated through a complex deformation of the elastomer body. Elastomer 
deformation is only known and recorded at damper center, where the input 
displacement x(t) from the MTS machine is applied. Detail descriptions of the model 
are given in Chapter 3. The analogous mechanical system (Figure 4.8) and the 
corresponding governing equations 4.10 – 4.11 show that in the pre-yield region, the 
hysteresis behavior is evident in the chamber compliance effects (bulge damping Cc 
and bulge stiffness kc). The coulomb element (Fy), generalized inertance mass (mA) 
and viscous damping (CA) terms represent the post-yield behavior. 
4.5 Temperature Dependent Parameter Estimation and Adjustment 
In order to minimize the squared mean error between the measured and predicted 
damping force of the MRFE damper at each, a constrained least-mean-squared (LMS) 
error minimization technique was utilized. To begin the optimization procedure to 
accurately simulate measured damper dynamics, all model parameters except the 
equivalent piston area Ap were measured or estimated before the MRFE damper was 
assembled and tested. Table 4.1 outlines the measured, model estimated and 
dependent parameters. The dependent variables are product of measured and 




properties. Valve geometry is assumed to be independent of temperature. However, 
temperature will alter material properties, which in turn will alter the MRFE damper 
dynamic response. In the following sub-sections, an initial measurement or estimation 
procedure of material dependent model parameters is outlined. Some of these 
parameters are later adjusted appropriately to best fit the model to actual MRFE 
damper data. The need for the adjustment is also discussed. The other important point 
is that the discussion in this chapter will show the potential of the hydromechanical 
model in determining model parameters a priori, and predict expected damper 
performance. 
4.5.1 Fluid Inertance and Resistance 
The hydromechanical model developed takes into consideration the inertia of the 
MR fluid mass and the viscous losses of the transient fluid flow through the passive 
and active passages. The pre-existing flow ports accounts for the passive passages 
and the retrofitted MR valve accounts for the active losses. The fluid inertance, which 





lI ρ  (4.12) 
In the above equation, l and A are the length and cross-sectional area of each lump or 
section of the flow passages. Neglecting the small density variation with temperature, 
fluid density ρ, thus the fluid inertance, is assumed to remain constant. Using 
equation 3.21, the viscous resistance in the circular passive and annular active flow 























µ   (4.13) 
where T is the damper temperature. The first term in brackets is the resistance in the 
circular sections and the second term is the resistance of the annular section. Using 
the input velocity, the Reynolds number for the flow through the active and passive 
passages was within the laminar flow range (Re < 400). Thus, the viscous flow 
resistance was calculated based on the Hagen-Poiseuille solutions for laminar flow in 
circular and annular passage ways. In addition, based on Bingham-Plastic flow 
analysis, the field-off viscosity and the post-yield viscosity of the MR fluid are 
assumed equal. Due to the low velocity and low Reynolds number flow, minor losses 
were also neglected. Since all geometric parameters are constant, temperature 
variation results in viscosity changes in the above resistance equation, which will 
directly affects the passive viscous damping. The viscosity variation with temperature 












φµµ  (4.15) 
In the above equation, µ40 is the fluid viscosity at 40°C and φ  is the volume fraction 
of magnetic particles in the MR fluid. Using equations 4.14 and 4.15, the viscous 
resistances of the MR fluid at different temperatures are shown in Figure 4.9. As 
expected, the resistance decreases significantly with increasing temperature, primarily 




4.5.2 Yield Force 
The yield force is a function of the applied field, which increases with increasing 
applied current. The relationship between the yield stress and the applied current for 
the MR fluid can be obtained by an empirical equation as [92]: 
  (4.16) )H1033.6tanh(271700 65239.1y
−×= φτ
A Gauss meter was used to determine the relation between applied current and the 
corresponding field generated. For the range of applied current i, the applied field is 
proportional to the current as bellow: 
I1076.0H =  (4.17) 
Using equations 3.26, 4.19 and 4.20, the empirical yield force Fy was estimated, and 
is shown in Table 4.2. Here, the actual center wall area (~ 80 cm2) was utilized to 
estimate the yield force. The yield stress of MR fluids has been proven to show a 
stable performance over a wide temperature range, from -40ºC to 150ºC [38, 69]. 
Since the test temperature array selected falls within this temperature range, the yield 
force from the empirical equation was utilized in model simulation at all 
temperatures. 
4.5.3 Estimated Shear Stiffness  and Damping  *rk
*
rC
The MRFE damper elastomeric body basically undergoes two types of 
deformations. One is the shear deformation of the elastomer due to input 
displacement, and the second one is the corresponding volumetric expansion due to 




testing the MRFE damper elastomeric body after pouring out the MR fluid from the 
MRFE device. In this condition, equation 4.10 reduces to: 
)t(F)t(xk2)t(xC2 *r
*
r =+&  (4.18) 
where  and  are the estimated shear damping and stiffness of the MRFE damper 
elastomeric body. The above equation represents a Kelvin-type model, where the 
system is represented by a parallel combination of a dash-pot and spring. Recalling 
that the elastomer in the MRFE damper behaves linearly under a specific dynamic 
test condition, the shear damping  and stiffness  can be estimated by applying 
equations 4.6 – 4.9 on the measured displacement and force data. These results are 
shown in Figure 4.10. Both parameters decrease with increasing temperature. 









4.5.4 Estimated Bulge Stiffness  and Bulge damping  *ck
*
cC
The elastomeric chambers of the MRFE damper act as both pumping chambers 
and accumulators. Thus, the elastomer undergoes a volumetric expansion and 
contraction while pumping fluid from one chamber to the other as a result of flexing 
or deformation. This will create stiffness and damping effects. To estimate these 
effects, the MR valves were first removed from the MRFE damper and the port holes 
were plugged and sealed so that no fluid can transfer from chamber to the other under 
applied load. Then the MRFE damper with plugged valves was re-filled with MR 
fluid and dynamic tests were carried out at different temperature conditions. The 
















where Fc is the compliance force,  and  are the estimated bulge damping and 
bulge stiffness of the MRFE damper with plugged valves. Again, the last expression 
in the above equation represents a Kelvin-type model, where the system is 
represented by a parallel combination of a dash-pot and spring. The bulge stiffness  
and bulge damping  can initially be estimated by applying equations 4.6 – 4.9 on 
the measured displacement and force data. These results are shown in Figure 4.11. 









c)max. The figure shows 
that the bulge stiffness increases (due to elastomer stiffening) as the temperature goes 
down. However, this trend is not seen in the bulge damping. Here, the damping shows 
an increasing trend with increasing temperature. However, the variation in bulge 
damping is generally less than 20% except at two displacements points (1.778 mm, 
2.286 mm).  
To estimate the bulge stiffness  and bulge damping  of the MRFE damper, 
first equation 4.10 is applied to determine the maximum or peak compliance force of 





















where Fc is the compliance force. Once the peak compliance force (Fc)max of the 
MRFE damper at each test temperature is determined, the corresponding bulge 
stiffness, and bulge damping are estimated by interpolating or extrapolating using 




4.5.5 Parameter Adjustments 
Before beginning the optimization routine, some factors affecting the MRFE 
damper behavior are briefly discussed. These factors were either assumed negligible 
or difficult to account for in the hydromechanical model formulation. However, they 
still have some major and minor impacts on the model performance as discussed in 
the proceeding sections. There are two major factors that influenced the performance 
of the MRFE damper model: 
 
• Temperature variation during bare elastomer testing 
The shear stiffness and damping  employed in the hydromechanical model 
simulation are determined from the estimated shear stiffness  and damping  


























C20T if        1
C30T if        1
C40T if   0.95
C50T if   0.85














 (4.21)   
During temperature testing of the MRFE damper elastomeric body (empty MRFE 
damper) using the ATS heating chamber, material temperature was controlled by 
attaching a thermocouple on the surface of the elastomeric material. However, the 
thermocouple was not sufficiently insulated from its surroundings, which could have 
resulted in an inaccurate temperature reading. Thus, to account for this effect and to 
better fit the model to the experimental data, the initial shear stiffness and damping 




limit, as shown in equation 4.21. The scaling factors were determined through trial 
and error at selected test conditions.  
 
 
• System bulk modulus 
The compliance model parameters (bulge stiffness and bulge damping ) 






















C20T if        0.80
C30T if        1.00
C40T if        1.08
C50T if        1.12















In a hydromechanical system, such as the current MRFE damper, the stiffness 
characteristics of the MRFE device are influenced by the interaction of the bulk 
modulus of the MR fluid and compliance of the elastomeric volume chamber. 
However, entrapped air adversely affects the bulk modulus, thus stiffness, of the fluid 
due to its higher compliant property. Further, the isothermal bulk modulus of air is 
simply the fluid pressure itself, and from ideal gas law, the air pressure is directly 
proportional to the fluid temperature at a constant volume [93]. Thus, increasing the 
air temperature will increase pressure, which will in tern increase the air bulk 
modulus.  
In all MRFE damper testing performed, it is to be recalled that the MR fluid was 
simply poured into the damper and sealed and compressed to create positive pressure. 
This is expected to entrap air in the fluid and the viscosity of the fluid will prevent the 




a high internal pressure will compensate the bulk modulus loss associated with 
entrapped air, and as the pressure is increased, the entrapped air will dissolve into the 
liquid and will not further affect the bulk modulus [94]. This was well achieved when 
the MRFE damper was tested with the valves plugged to estimate the bulge stiffness. 
This is shown in Figure 4.11 where the stiffness is predominantly a function of MR 
fluid and volume chamber stiffness. However, in the actual MRFE damper testing, 
the damper was not sufficiently pressurized and thus leaving a higher percentage of 
the air bubbles suspended in the fluid. As a result, the bulk modulus of the MRFE is 
significantly affected by the bulk modulus of entrapped air, which tends to increase 
with an increase in temperature. This behavior is reflected in Figure 4.3b. In the 
figure, the left and right sides of the plot follow a similar trend as the bulge stiffness 
of the MRFE damper. As the temperature is increased, the slopes of these lines 
increase, indicating an increase in stiffness. Thus, to account for these effects and to 
better fit the model to the experimental data, the initial compliance parameters 
estimated in section 4.5.4, were scaled by a factor to emulate the actual compliance 
property of the MRFE damper. The scaling factors were determined through trial and 
error at selected test conditions.  
4.6 Model Performance 
In order to minimize the squared mean error between the measured and predicted 
damping force of the MRFE damper at each, a constrained least-mean-squared (LMS) 
error minimization technique was employed to estimate and optimize the equivalent 
piston area Ap only. The rubber mass is neglected in this optimization without loss of 










jjp )t(*F)t(F)E(A )  (4.29) 
where F(tj) is the actual measured force, F*(tj) is the calculated force from the 
hydromechanical modeling, tj is the time at which the jth sample was measured and N 
is the number of data per one cycle. 
Figure 4.12 and 4.13 shows the optimized equivalent piston areas at lag/rev 
obtained from the error minimization procedure at different temperatures. The figures 
show the equivalent piston area exhibits similar trends at all temperatures. There is 
also a small increment as the temperature is increased. The equivalent piston area is 
observed to increase with increasing current, especially at lower amplitudes. 
However, as the displacement amplitude increases, the variation in piston area 
diminishes, tending to approach a similar value in the limit. 
The field-off and field-on damping force versus velocity cycles at lag/rev 
frequency and different temperatures are given in Figures 4.14 and 4.15. The 
displacement amplitude for each case is 2.286 mm (0.09 in). The figures show that 
the hydromechanical model is able to capture the non-linear dynamic behavior and 
closely estimates the actual hysteretic damping force behavior of the MRFE damper 
from experimental measurements. 
The MR effective force FMR in each valve of the damper system, as extracted 
from the model, is given by: 
))t(xsgn(F)t(xC)t(F AyAAMR && +=  (3.39) 
The first term in the above equation is related to the viscous effect and the second 
term results from the magnetic effect. These results at field-on condition at lag/rev  




displacement inputs respectively. From Figure 4.16, it is observed that at minimum 
displacement (0.0762 mm), the field-on damping at 20ºC is less than at 50ºC, which 
is consistent with the previous result (Figure 4.6b). This increasing damping at 50ºC 
is reflected in the force-displacement plot by its larger enclosed loop area. Even 
though at 20ºC the apparent post-yield viscosity is larger, due to smaller fluid 
displacement, thus reduced flow rate, the total available damping will be lower. 
However, as the input amplitude increases, the damping variation between the two 
temperatures gets narrower. From Figure 4.17, it is observed that at the maximum 
input displacement, the damping available at both temperatures is quite similar.  
To predict the response of the MRFE damper under dual frequency excitation, it 
was subjected to various combinations of lag/rev and 1/rev frequency amplitudes 
under various applied currents, and the force-time history is used to evaluate the 
model performance. The dual frequency test matrix at all temperatures is given in 
Table 4.3. Utilizing optimized model parameters, the MRFE damper dual frequency 
response was predicted by linear superposition of the estimated damper performance 
at each excitation frequency. The modeling results for two combinations of the 
lag/rev and 1/rev frequencies at field-off and field-on conditions are given in Figures 
4.18 and 4.19. In the figures, Xlag represent the amplitude of the harmonic input at the 
lag/rev frequency while Xpri represents the amplitude at 1/rev frequency. The results 
show that the hydromechanical model was able to predict MRFE damper dual 






The investigation in this chapter demonstrated the feasibility of using the snubber 
type MRFE damper in mitigating helicopter rotor instabilities under varying operating 
temperatures. Currently, most hingeless and bearingless helicopters utilize either 
elastomeric or hybrid fluid-elastomeric (FE) lag dampers. However, these advanced 
lead-lag dampers are passive devices and can only operate with a single damping 
profile. Additionally, the elastomeric materials used in these devices exhibit 
temperature-dependent behavior that causes their stiffness and damping properties to 
deviate. In addition, the hydraulic fluid viscosity in FE dampers change with 
temperature and this significantly alters the viscous damping available in the device. 
The MRFE lag damper has been proven to provide controllable damping profile that 
can be optimal tuned to specific requirements. Thus, the MRFE damper has the 
potential to compensate temperature related performance degradation by varying the 
applied current to the MR valve. In the current chapter, the MRFE is shown to 
provide comparable damping force as compared with a baseline FE damper for all 
temperature cases. Moreover, at all temperature conditions, a significant increase in 
damping and a wide controllability range can be gained by using the MRFE damper. 
For example, at lower displacement amplitudes, more than a 100% change in 
damping was obtained at all temperatures. As a result, the damping and controllability 
spectrum of the MRFE can potentially be tuned to match actual damping 
requirements of certain flight conditions where instabilities tend to be instigated.  
To account for the non-linear hysteretic behavior of the MRFE damper, a lumped 




employed to characterize MRFE damper performance at varying temperatures. Since 
model parameters are fundamentally dependent on damper geometry and material 
properties, temperature variation will only cause the later to vary. To that effect, most 
material properties (seven out of eight) at different temperatures were estimated or 
measured a priori, which later were reasonably scaled to simulate damper data 
accurately. The model was shown to accurately reconstruct the force-velocity and 




















Table 4.1 Measured, model estimated and dependent model parameters 
Measured Parameters Model Estimated Parameters Dependent Parameters 
Viscosity, µ Eqv. Piston area, Ap Mass, mA
Resistance, R  Viscous damping, CA
Density, ρ    
Inertance, I    
Shear stiffness, kr    
 Shear damping, Cr     
Bulge stiffness, kc   
Bulge damping, Cc   









Table 4.2 Estimated yield force 










Table 4.3 Dual frequency test matrix 
Xlag/rev [in] X1/rev [in] 0.03 0.05 0.07 0.09 0.10 0.13 
0.03  X X X X X X 
0.05  X X X X X   
0.07  X X X X    
0.09  X X X     
0.10  X X      





To load cell 
 
Figure 4.1: MRFE lag damper test set-up on MTS testing machine and ATS 
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(a) T = 20ºC 
(b) T = 50ºC 








(b) Field-on @ 1A 






(a) Loss stiffness @ 20°C 
(b) In-phase stiffness @ 20°C 





(c) Loss stiffness @ 50°C 
(d) In-phase stiffness @ 50°C 





(a) MRFE damper lag/rev loss factor 
50°C 
(b) MRFE damper lag/rev equivalent damping 






(a) MRFE damper, lag/rev damping at 20°C 
(b) MRFE damper, lag/rev damping at 50°C 
 




Figure 4.8: Analogous mechanical system of the hydromechanical model of the 
MRFE damper in terms of xA
x 
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(a) Shear stiffness *rk  
(b) Shear damping *rC   
 




(a) Bulge stiffness k  *c
(b) Bulge damping C  *c
 






(a) T = 20ºC 
(b) T = 30ºC 





(a) T = 40ºC 
(b) T = 50ºC 
 





Figure 4.14: Experimental and model estimated damping force hysteresis 










Figure 4.15: Experimental and model estimated damping force hysteresis 











(a) FMR vs generalized inertance displacement, Ax  
(b) FMR vs generalized inertance velocity, Ax&  
 
Figure 4.16: Model estimated MR damping force hysteresis at Xlag = 0.762 mm 
 
(a) FMR vs generalized inertance displacement, Ax  
(b) FMR vs generalized inertance velocity, Ax&  
 




(a) T = 20°C, Xlag = 1.27 mm, X1/rev = 2.29 mm @ 0A 
(b) T = 20°C, Xlag = 1.27 mm, X1/rev = 2.29 mm @ 1A 
 
Figure 4.18: Dual frequency comparison between measured and predicted damper 




(a) T = 50°C, Xlag = 1.27 mm, X1/rev = 2.29 mm @ 0A 
(b) T = 50°C, Xlag = 1.27 mm, X1/rev = 2.29 mm @ 1A 
 
Figure 4.19: Dual frequency comparison between measured and predicted damper 









Semi-active lead-lag dampers employing field-controllable fluids, such as 
Magneto-Rheological (MR) fluids, have demonstrated the potential to greatly 
improve damper performance by providing a means by which to augment damping in 
real-time [7, 10, 14]. By employing magnetorheological technology with advanced 
fluid elastomeric devices to create a magnetorheological fluid elastomeric (MRFE) 
lag damper, the ability to augment or optimize damping in flight can be achieved [7]. 
Adjusting stability margins in flight for optimal characteristics could potentially 
increase forward speed, maneuverability, and payload capacity in a broadened 
operational environment.   
Control studies have taken place to explore the potential that semi-active dampers 
have for advanced rotor systems. Marathe et al [59] combined an MR damper model 
into a rotor aeromechanical model and investigated the effects of two different control 
schemes on rotor stability. The two control schemes were the On-Off scheme and the 
Feedback Linearization scheme, and they were compared for lag transient responses 
in ground resonance and their ability to reduce periodic damper loads in forward 
flight. The results implied that using a shear mode MR damper of size comparable to 




stabilization and can significantly reduce periodic damper loads with a judicious 
choice of operation scheme. The On-Off scheme is simple and easy to apply, but it is 
not optimal in reducing hub loads. Feedback linearization control was more versatile, 
however it was recognized that since such algorithm is developed based on the MR 
damper model, its performance is sensitive to model error or uncertainties [67]. 
Gandhi et al [67] explored the effects of MR fluid damper model uncertainties on 
helicopter rotor system stability when feedback control law was utilized. The study 
showed that by increasing control gain, hence increasing the prescribed damping 
ratio, to a sufficiently high value, limit cycle instability can eventually be eliminated, 
for given uncertainty bound. However, large prescribed damping ratios would result 
in high periodic damper loads in forward flight. The study suggested that the periodic 
damper loads can be substantially reduced, while maintaining stability, if a band-
rejecting filter is used which eliminates the 1/rev periodic component of velocity and 
leaves only the perturbation velocity in the feedback signal. Zhao et al [60] developed 
a different linearization feedback control strategy to integrate the MR damper into 
classic linear ground resonance analysis, and be applied to the ground resonance 
problem to stabilize an unstable rotor system assuming an isotropic rotor hub (all 
damper and blades similar), and to control undamaged dampers to recover rotor 
stability in case of an anisotropic rotor hub due to damper damage and/or degradation. 
The study showed that using MR dampers and a semi-active controller can stabilize 
an unstable rotor and maintain the design stability margin in the rotor system. In 




designed controller, can recover stability when the rotor system loses stability due to 
damper degradation, except in the case where 100% damping was lost on one blade. 
These investigations have all considered linear stroke MR dampers, in their 
control evaluations.  In addition, the control studies outlined above did not account 
for temperature uncertainties that could arise due to self-heating and/or atmospheric 
conditions. Due to damper temperature variation, the available damping from the 
dampers might not match the lag mode damping required to augment rotor stability.  
The yield stress of an MR fluid shows little variation for a wide temperature range (-
40ºC to 150ºC). However, the viscosity of the MR fluid is a function of temperature. 
Since the viscosity of the MR fluid increases exponentially with decreasing 
temperature, the viscous or passive damping force of the MR lag damper at low 
temperatures could become very high, making the lag mode very stiff. This might 
lead to increased rotor hub loads. Further, at high damper temperatures, the viscosity, 
thus the damping available, from the MR lag damper decreases. This reduced 
available damping could present a limit cycle instability in the rotor system.  
Hence, the focus of this chapter is to explore the temperature compensating 
potential of the snubber type MRFE lag damper in terms of tracking a target damping 
profile at the lag/rev frequency in the presence of temperature and displacement 
amplitude variations. The target damping profile in lag mode for the rotor system for 
various combinations of single (lag/rev) and dual (lag/rev and 1/rev) frequencies and 
displacements can be formulated using the actual rotor lag mode stability analysis. 
However, in this research, the available damping of a new and unmodified snubber 




the MRFE damper in its temperature compensating property. Once the target or 
required damping is set, it is imperative that the MRFE damper is intended to provide 
that damping regardless of damper operational temperature. To that effect, the 
temperature compensating capability of the MRFE lag damper at and above room 
temperatures is evaluated in this chapter. The lag/rev frequency of excitation was 
utilized for this investigation. Three control techniques will be designed, 
implemented, experimentally evaluated, and compared for steady-state error and 
response time over the amplitude and temperature ranges tested.   
5.2 Hydromechanical Modeling Summary 
Chapter 2 and 3 outlined the effort placed on establishing a predictive design tool 
that can be used in future design revision of the present retro-fit device. Thus, the 
lumped parameter, hydromechanical model was derived fundamentally based on 
damper geometry and material properties. Effects of parameter variation due to 
temperature have also been included in the model for both the existing FE device 
(Chapter 2) and the MRFE damper (Chapter 4). The resulting model was used to aid 
in the design of the control systems and will be briefly introduced here.   
The analogous mechanical system of the MRFE damper developed in Chapter 3 is 
shown in Figure 5.1. Note that the original model derivation was for the general case 
where the valves and flow ports were not necessarily the same, but these are identical 
for the prototype MRFE damper, causing the equivalences and reduced form shown. 
Given an input displacement to the damper of x(t), the force response can be 
computed according to: 




( ) ( ) 0(t))xsgn(F)t(x2)t(xk2)t(x2)t(xC2)t(xC)t(xm AyAcAcAAAA =+−−−−+ &&&&&&
 (5.2) 
For the MRFE damper, the pre-yield behavior is a function of Cc and kc, implying that 
the pre-yield stiffness is dominated by the fluid chamber compliance properties, while 
the post-yield behavior is governed primarily by mA, CA and Fy. This set of equations 
does illustrate MRFE damper behavior, and it must be noted that for a constant 
excitation frequency, the key parameters involved have the following dependencies 




























These parameter dependencies imply that the MRFE lag damper has three inputs, two 
of which cannot be directly controlled (displacement and temperature). However, it is 
the applied current that can be adjusted to compensate for force level variations due to 
these two inputs, giving the possibility of multiple operating points. Hence, this 
prospect of obtaining optimal damping profiles motivates the exploration of control 
techniques with the MRFE damper.   
5.3 Control Design 
The utility of three different control schemes was evaluated in terms of tracking a 




temperature was also varied from 30ºC to 55ºC. In this fixed-frame, feasibility study, 
the unmodified FE damper performance at ambient temperature (~27.5ºC) and rotor 
lag/rev (3.8 Hz) was selected as the target profile over an amplitude range of 0.8 mm 
to 3.4 mm. Recall that this is the dashed line in Figure 3.8a. In each of the three 
control techniques employed, two real-time measurements are required, though they 
are not necessarily the same for each technique. 
5.3.1 Computation of Performance Metric 
The performance metric discussed previously was the equivalent damping. This 
works well for characterizing damper performance and in designing an gain 
scheduled controller, but it does require extra computations and more knowledge of 
the signals, which could increase complexity of a control system. The equivalent 






=  (5.4) 
From this equation, it can be seen that the equivalent damping, Ceq is proportional to 
the energy dissipated, Edis, but requires frequency and amplitude information. Hence, 
using the energy dissipated as the performance metric would certainly reduce the 





dis dx)t(FE  (5.5) 
The integration occurs over one period, for the lag/rev frequency of 3.8 Hz, this is 
0.26 seconds. Based on the target damping profile at the rotor lag/rev frequency, the 




above. Figures 5.2a and 5.2b show the target damping profile and its associated target 
energy dissipation profile respectively. There is very little (near zero) energy 
dissipation at the lowest amplitude and this increases nonlinearly to 4 Nm or 4 J at the 
high end of the displacement amplitude range.  
A secondary advantage of using energy dissipation as the performance metric of 
choice for the MRFE lag damper, though still following along the justification for a 
reduction in computational intensity, is that it will be directly applicable to a closed-
loop control system that uses damping (energy dissipated) as a feedback variable.  
Details of this approach will be discussed later. 
It was shown that two measurement signals (force and displacement) are 
integrated over one period to calculate energy dissipation. To implement this in a 
digital control system, a series of discrete transfer functions can be assembled to 
perform the base operations. Two discrete transfer functions that perform a difference 
operation of the form: 
z
1z)z(B −=  (5.6) 
and a unit delay 
z
1)z(A =  (5.7) 
all having zero initial conditions, can be used to calculate the elements of a 
trapezoidal integral estimate over one time step. The change in displacement can be 
given as: 
]1j[x]j[xx j −−=∆  (5.8) 
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which essentially adds a pre-selected number of values together. Since the sample 
rate of the controller would be known prior to implementation, the number of data 
samples that occur over one period can easily be calculated.  It has been assumed here 
that the period of interest is the lag/rev period, though this could be changed without 
consequence to the method. Knowing the number of samples per period, n*, a finite 






−=  (5.11) 
where y[j] is the output (in this case, Edis), w[j-m] are the inputs (in this case, fm∆xm), 
and bm are the coefficients. Using a FIR filter simply for addition (integration) of 
previous points, the coefficients are specified by bm = 1, for m = 0, 1, …, N. This 
filter remembers only the previous N samples and adds them together with equal 
weighting for each. Each new time step, the filter will basically forget the oldest 
sample and replaces it with the new input value before performing the windowed 
summation. Note that this does have an initial one cycle delay until there are N 
measurement samples available, however. Substituting the δ function for the input of 
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5.3.2 Gain Scheduled Control Design 
A simplified ground resonance stability approach is shown in Figure 5.3a.  In this 
approach, there are two inputs to the rotor stability analysis. The input parameters IP 
accounts for all inputs required to compute the rotor stability margins. These include, 
but not limited to, rotor frequency, blade mass, blade mass moment of inertia, hub 
mass, hub spring, and fuselage support frequencies. The ζ represents lag mode 
deformation of the rotor blade. The stability analysis provides the damping required 
at a certain flight condition, which is fed into the Temperature Compensating MRFE 
Damper system, which in turn provides the required damping to the rotor system. 
Two control schemes were studied in designing the temperature compensator. The 
first one is the gain scheduled control design. This system has two inputs to a 
controller with one output, as shown in Figure 5.3b. A look-up table database was 
assembled based on MRFE damper characterization data at a number of control 
currents and temperatures. For each of four temperatures (20oC, 30oC, 40oC, 50oC), 
similar damper characterization data displayed in Figure 3.8 was collected. Recall 
that the unmodified FE damper performance at ambient temperature (~27.5ºC) and 
rotor lag/rev (3.8 Hz) was selected as the target damping profile, Ceq,r,  over an 
amplitude range of 0.8 mm to 3.4 mm.  Thus, with two inputs (estimation of 




hydromechanical damper model, the gain scheduled controller was designed to select 
the appropriate gain scheduled control current, iOLC, to match the target damping 
profile, Ceq,r, by two-dimensional interpolation or extrapolation:  
( ) ( ) ( ){ }XCi,T,XCminT,Xi r,eqeqiOLC −=  (5.14) 
Note that the displacement amplitude was calculated with a discrete FIR filter similar 
to that described previously for calculation of the dissipated energy, except that the 
filter coefficients were redefined for a moving average, rather than the former 




=  (5.15) 
and the input to the filter was: 
( ) ,]j[x]j[w 2=  (5.16) 
which, along with a square root operation (yielding an RMS value) and multiplication 
by 2 , gives the amplitude estimation of the past N samples. A root-means-square 
estimation could have been employed similarly with no consequence, but since the 
database was already organized in terms of amplitudes, this approach was adopted. 
Note that Ceq,a represents the actual equivalent damping that is fed to the rotor system. 
Parameterization of the gain scheduled controller with the experimental database 
gives the corresponding control currents that are displayed in Figure 5.4. Here in 
Figure 5.4a, the entire range of the database is shown for the temperatures and 
displacement amplitudes used in the experimental damper characterization, while 
Figure 5.4b shows a couple discrete segments taken from the control currents to more 




with amplitude and temperature in order to maintain the target damping profile. Note 
that the damping properties of the MRFE device decrease with increasing temperature 
primarily due to reduction in viscosity, which justifies the need to increase control 
current at higher temperatures in an effort to increase the yield force in the MR fluid. 
Looking over the entire range of inputs, the minimum current level (0.14 A) occurs at 
the smallest displacement amplitude (0.76 mm) and lowest temperature (20oC). 
Conversely, the maximum current level (0.86 A) occurs at the largest displacement 
amplitude (3.38 mm) and the highest temperature (50oC). Since the minimum current 
required was nonzero, this does imply that the presently designed prototype MRFE 
lag damper could match the target damping profile, defined as the ambient 
temperature performance of the FE damper, at temperatures colder than 20oC. In the 
ideal case for the valve design approach taken here (low off-state damping), the 
damper performance with no current (0 A) would match the target damping profile at 
the coldest temperature of interest. 
With this form of the controller parameterized from the experimental database, 
the gain scheduled control system (damper model included) was simulated at a few 
off-design points to show that the interpolation functions were performing properly. 
These simulations were performed with constant stroke amplitude and constant 
temperature for the duration of each simulation, and at the rotor lag/rev frequency of 
3.8 Hz. Figure 5.5 displays the results at 25oC, 35oC , and 45oC over the range of 
stroke amplitudes tested. The energy dissipation of the controlled MRFE lag damper 
model is shown in relation to the target profile (black dashed line). As it can be seen, 




regardless of changes in stroke amplitude or temperature. There are two locations at 
the 25oC condition where deviation from the target profile is noticeable (near 1 mm 
and near 2.8 mm), but these deviations are all less than 10% error. Hence, the gain 
scheduled controller form has been validated.   
5.3.3 Closed-Loop Control Design 
While the gain scheduled controller was shown to accurately track a reference 
damping profile, one disadvantage of the technique is that there is no measurement of 
accuracy or self-adjustment. With this in mind, a second approach, i.e., a closed-loop 
control, was considered as an alternative strategy. The general diagram of the 
negative feedback system employed on the snubber type MRFE damper is shown in 
Figure 5.6. Ref Edis is the reference energy dissipation (function of displacement 
amplitude only), e is the error signal or the difference between the desired energy 
dissipation and the actual (measured) energy dissipation (input to controller), i is the 
control current (output of controller), T and x are the respective temperature and 
displacement (inputs to damper), and F is the force (output of damper). 
The control problem of interest in this investigation is reference tracking. As such, 
integral control is most appropriate of the standard techniques. The hydromechanical 
damper model was modified to incorporate an integral controller and a series of 
simulations was performed to optimize the control gain. Parameters varied in the 
optimization routine were displacement amplitude (7 total, ranging from 0.8 mm to 
3.4 mm) and temperature (3 total, ranging from 30oC to 50oC).  The integral gain was 
adjusted between 0 and 15 at each of the (amplitude, temperature) combinations.  An 







2 dt)t(eJ  (5.17) 
where J is a cumulative error metric and Tf is the final time of the simulation (3 
seconds). Therefore, the control gain that produces the minimum value of the 
cumulative error metric, J, will be the ideal parameter for each case. Figure 5.7 shows 
the simulation results at the minimum (Figure 5.7a) and maximum (Figure 5.7b) 
displacement amplitudes. As seen in these figures, the temperature appears to have 
little effect on the optimal control gain at either of the amplitudes shown. For 
example, at X = 0.8 mm, 8.6 < kI < 9.8, and at X = 3.4 mm, 1.0 < kI < 1.2 over the 
temperature range simulated. There is a large variation in the optimal gain (minimum 
J) over the displacement amplitude range, however, varying nearly an order of 
magnitude from Figure 5.7a to Figure 5.7b. 
The error metric J gives an estimate for the optimal integral control gain based on 
overall error, but the time in which the closed-loop system can respond and begin to 
follow the desired energy dissipation level is also important. Accordingly, a response 
time metric, tR, was also considered in the design. This value represents the time it 
takes for the closed-loop system to come within 10% of the desired level, based on 
the squared error computation. Figure 5.8 displays the response time simulation 
results, again with the minimum amplitude in Figure 5.8a and the maximum 
amplitude in Figure 5.8b. Note that the plateau regions seen at 3 s imply that the 
closed-loop system did not come settle with those corresponding gains during the 
simulation. Also, as with the cumulative error, the response time metric is minimally 
dependent on temperature, with 7.8 < kI < 8.6 at 0.8 mm and 0.8 < kI < 1.0 at 3.4 mm, 




optimal control gain from these two metrics nearly coincides at each of the amplitude 
and temperature settings. Figure 5.9a illustrates this at 30oC and 3.4 mm. 
To more closely examine the amplitude dependency of the control gains, the 
optimal values from each of the two metrics are shown overlaying each other in 
Figure 5.9b for the 30oC condition. Each point in this figure represents the minimum 
value of the associated metric, as shown in the previous set of figures. It is clear here 
that the optimal integral gains follow the same trend of high gain at small amplitude 
and low gain at large amplitude, and the gain values are nearly equivalent at each 
amplitude. Based on this similarity, an average value of kI could be used between J 
and tR. This does not consider the large variation with amplitude, however, which 
could potentially cause a decrease in performance for a controller with a fixed gain. 
Hence, at this point, the decision was made to consider two closed-loop systems. The 
first was a simple integral controller with a single gain, that being the average value 
over the amplitude range of interest, and the second was a gain scheduling integral 
controller, where the value of the gain would change using the real-time amplitude 
estimate as the scheduling variable 
( )Xkk II =  (5.18) 
Recall that there is little variation in the optimal gains in the temperature range of 
interest. Figure 5.10 has been included to show how the controller will be modified to 
account for an amplitude-dependent gain. 
Simulations were performed to assess the performance of the closed-loop 
systems. Both were able to track the target energy dissipation profile with negligible 




error near 10%. The difference between these two systems was the response time, and 
this is portrayed in Figure 5.11 at an amplitude of 0.8 mm and 30ºC.  The fixed gain 
value in these simulations is kI = 2.8 A/Js and the scheduled gain is kI(0.8 mm) = 8.3 
A/Js. As expected, the figure shows that the scheduled gain controller allows the 
damper system to settle at the reference dissipation level faster (~264 ms) than the 
fixed gain controller (~1.41 s). This provides justification for the consideration of a 
gain scheduling controller. Also, note that the oscillations seen in the response are 
periodic with the damper excitation frequency (3.8 Hz) and are artifacts of the 
averaging that takes place to estimate the energy dissipation and amplitude. The 
oscillation amplitude shown here is approximately 4% of the target dissipation value.  
5.4 Experimental Set up 
Displacement and force measurements were collected from an MTS machine 
through its analog readout ports and then passed through analog-to-digital converters 
of a dSPACE DS1103 board. One thermocouple was installed inside the MRFE 
damper, submerged in the fluid, and was conditioned by an Omega CNi3253 
temperature/process controller to produce another signal that was recorded with 
dSPACE. The thermal input to the damper was supplied by an Applied Test Systems, 
Inc. temperature control system and an environmental chamber around the damper. 
The control signal became the output from a digital-to-analog dSPACE DS1103 
board and fed an AE Techron LVC 623 linear amplifier, which generated the desired 
current signal to the MRFE damper. A proportional voltage signal was also an output 
of the amplifier that allowed real-time monitoring of the current in dSPACE and 




While the control simulations were performed at constant displacement 
amplitudes and temperatures, it is not likely that this is a close approximation to what 
a typical lag damper would experience during a mission. Accordingly, a varying 
displacement amplitude profile was designed that spanned the range of tested 
amplitudes. Figure 5.13 shows the amplitude variations.  Seven sinusoidal amplitudes 
were selected to provide an adequate measure of the control system performance at 
the Lag/rev frequency of 3.8 Hz, with the transition between each occurring as a step 
change.  Note that the relative increase or decrease is varied, as well. Each amplitude 
completes 50 cycles before making a step change to the next amplitude level, giving a 
total of 350 cycles per test (approximately 90 second duration). Since the temperature 
cannot vary substantially over this length of time, a number of tests were conducted 
in succession while the temperature slowly increased from ambient (~27ºC) to 55ºC, 
using the same amplitude profile for each. 
5.5 Control Evaluation Results 
5.5.1 Gain Scheduled Controller Performance 
Figure 5.14a shows the ability of the gain scheduled control system to restore 
performance losses in the passive damper at high temperature. It is observed that for 
the field-off test, the current simply remains at 0 A for the entire test, but when the 
controller is active, it follows the designed profile based on amplitude estimates.  
There are also spikes in the current signals here, but this is due to the testing machine, 
which must momentarily stop before switching excitation amplitudes. However, the 




Figure 5.14b shows how the gain scheduled controller performs over the tested 
temperature range.  In the field-off (no control) condition, there is a clear trend in the 
damper of decreasing energy dissipation as the temperature increases, and this has 
been noted previously in temperature characterization data (see Chapter 4). The 
controlled results show that damping loss compensation was achieved with the MRFE 
damper using gain scheduled control. The maximum error for the controlled results 
over the entire amplitude range and temperature range is only 11.8%, occurring at 
53oC with an amplitude of 0.8 mm.  Note that the field-off energy dissipation at this 
test condition is below the desired point by 62.6%. The overall average deviation 
from the target profile for the gain scheduled controlled case is only 3.3%. 
5.5.2 Closed-Loop Performance 
Prior to beginning the closed-loop control evaluations, a number of individual 
tests were run to verify that the gains chosen from the simulations corresponded well 
with the experiment. While the simulation study could easily vary a number of 
parameters in a short time, performing the same optimization manually in the 
experiment would require a substantial amount of time and effort, so only the ambient 
temperature (30oC) was used here, and only three amplitudes were considered (0.8, 
1.4, 3.4 mm).   
Sample results collected at 3.4 mm displacement amplitude are shown in Figure 
5.15a.  Considering first the value of J, it can be seen that the minimum occurs when 
kI = 3, which is higher than that predicted (kI = 1.0). The gain at which the response 
time metric tR is minimum (kI = 1.5) is closer to the predicted value (kI = 1.0), 




during the design simulations, which is not the case here. Since J does not vary 
substantially between kI = 1.5 and kI = 3, the decision was made to use the response 
time value as the ideal gain at this test condition.  
It should also be mentioned that the magnitude of the performance metrics vary 
somewhat from the design case. While this is likely attributable to measurement noise 
present in the experiment and the minor discrepancies between the mathematical 
model and the prototype MRFE lag damper, a term was added to the controller to 
increase performance. The added term was a proportional gain, kP. Accordingly, the 
integral gain was fixed at kI = 1.5 A/Js and a number of tests were run with varying kP 
values. These results are shown in Figure 5.15b for 3.4 mm and 30oC. Again, the 
minimums of the two metrics do not coincide, but response time was given priority, 
so the “best” proportional gain was determined to be kP = 0.03 A/J at this test 
condition. Important to note is the response time metric values between this figure 
and the last. With kP = 0 (Figure 5.15b), the fastest time achieved is 0.8 s, but when kP 
= 0.03, this response time metric drops to 0.6 s. This shows that nearly a 25% 
reduction was possible by adding a proportional gain to the closed-loop system. 
Similar experiments were also conducted at the other two amplitudes mentioned, 
and the final selected gain values are displayed in Figure 5.16. The same trends are 
seen in both gain values, that being larger amplitudes require smaller control gains. 
This is also the general trend that was predicted in the closed-loop control 
simulations, but it appears to be more linear here. Since the gain values do appear to 
vary linearly with amplitude, the average values were the designated closed-loop 




expected (being more pronounced at the extremes), but this is one of the trade-offs 
that must be made to maintain a simpler control strategy. The fixed gain control 
parameters are hence, kP = 0.31 A/J and kI = 4.75 A/Js. For the gain scheduling 
version, the values in Figure 5.16 were used in interpolation tables and were selected 
with the FIR filter that estimates displacement amplitude.  
An example data set from the experimental closed-loop evaluations is shown in 
Figure 5.17 for 51oC. This data is for the gain scheduling controller, though the fixed 
gain controller performed quite similarly. The controlled response overlays the 
reference signal for the majority of the time at each amplitude level, with the 
exception of the transition periods. Although the amplitude changes are pre-
programmed into the test machine, recall that there is a momentary stop between 
changes that causes a spike in the estimates. The closed-loop design indicated that 
less than 1 A would be needed for proper tracking, so it should be noted here that the 
current was limited to 1.5 A during these experiments to provide some margin. 
Figure 5.18a highlights the performance of the closed-loop systems. Since the 
energy dissipated data points represent time and temperature averaged values at each 
amplitude, it should be noted that the largest time-averaged or steady-state error 
calculated at any amplitude or temperature condition was less than 0.2%. This is to be 
expected with the control technique used here, however. The PI controller will 
continuously adjust the control signal until the error (input to controller) becomes 
zero. This means that the error will vanish eventually, but this brings up the issue of 




Figure 5.18b provides a picture of how the two closed-loop techniques compare in 
terms of response time across the amplitude range tested. Each data point shown 
represents the average across all temperatures at its corresponding amplitude, where it 
can be seen that all are around 1 s. There are two amplitudes where the scheduled 
gains actually cause a slower system response (1.4 mm and 2.8 mm). This was 
unexpected, but when looking back at the time history data, it is these two amplitudes 
that correspond to the largest two amplitude decreases. With the test machine used in 
the experiments, its inability to smoothly transition from one amplitude to the next 
without first momentarily stopping, and the control system’s continuous calculations, 
this leads to impulsive estimates of the amplitude and damping, which also cause 
control current saturation. This effect was largest in both gain scheduled and closed-
loop at these two amplitudes, as well. The gain scheduling technique was employed 
after completing the fixed gain experiments in an attempt to increase the speed of 
response in bringing the energy dissipation of the prototype MRFE damper to a 
desired level.  While this was successful at 5 of the 7 amplitudes tested, the margin of 
the speed increase (settling time decrease) was relatively small.  
5.6 Conclusion 
A semi-active, fluid-elastomeric lag damper with field-controllable 
magnetorheological fluid was evaluated for its capability to track a reference damping 
profile and restore performance losses due to increasing temperatures. Gain scheduled 
and closed-loop control techniques were investigated in this fixed-frame study using a 
modified Bell 430 lag damper (manufactured by Lord). A hydromechanical model of 




in preparing for experimental evaluations. Measured results indicated that the gain 
scheduled (look-up table) and closed-loop (PI and gain scheduled PI) control schemes 
had the ability to compensate for changes in displacement amplitude and temperature, 
with the two closed-loop systems demonstrating superior tracking capability over the 
gain scheduled system. Additionally, the ability of the control systems, designed 
using the hydromechanical model, to perform well experimentally offers validation of 
the model form. Thus, the chapter demonstrated the feasibility or potential of the 
MRFE damper in tracking damping requirements in the fixed frame, as amplitude and 
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(a) Target equivalent damping  
(b) Target energy dissipation per cycle 







Figure 5.3: Gain scheduled control approach  
(a) Simplified lag mode stability approach for gain scheduled control 
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(b) Temperature compensating MRFE damper: Closed loop 
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(a) Amplitude 0.80 mm 
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(a) Amplitude 0.80 mm 
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(a) At 30ºC and 3.4 mm 
(b) As a function of amplitude 
Figure 5.9: Integral gain tuning results 
 
 
Figure 5.10: Gain scheduling closed-loop controller approach 












Figure 5.13: Designed displacement amplitude variation 
 
 
(a) Control current at 53ºC 
(b) Energy dissipation profile 







(a) Integral gain 
(b) Proportional gain 




(a) Integral gain 
(b) Proportional gain 




(a) Energy dissipated 
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(a) Energy dissipation 
(b) Settling time 
Figure 5.18: Experimental results from closed-loop MRFE control tests 
 
 
Chapter 6:  Summary and Conclusions 
 
 
This research focused on the development and evaluation of an adaptive MRFE 
lag damper technology and its potential to augment helicopter rotor stability by 
providing adjustable and controlled damping. The two main objectives accomplished 
in this research include the experimental evaluation of the snubber type MRFE lag 
damper and modeling of damper response. Initially, MRFE damper configuration and 
design parameters were evaluated in the potential application of the MRFE damper in 
lead-lag damping augmentation. The prototype MRFE damper was able to 
demonstrate that a fail safe lag damping, control of single and double frequency 
losses and control of temperature related damping degradation.  The specific 
contribution in developing and evaluating MRFE dampers are: 
1) Design, development and fabrication of a round-stack or snubber type 
magnetorheological fluid elastomeric lag damper 
2) Experimental evaluation of the MRFE damper in its potential to provide 
controllable damping augmentation at different lag mode excitations 
3) Experimental investigation of the MRFE damper in its capability in 
providing required damping augmentation at different operating 
temperatures. 
Second, an extensive MRFE damper characterization was performed, and a new 
modeling strategy was developed to provide significant contribution in modeling 




addition, the model was able to describe the dependence of damper performance on 
amplitude, frequency and temperature. Using this model, response modeling of a 
passive fluid-elastomeric (FE) and MRFE dampers were conducted and model’s 
fidelity evaluated. These original contributions can be described as: 
1) Development of a hydromechanical model to describe hysteretic behavior 
demonstrated by the passive baseline FE damper. This time domain model is 
developed based on lumped parameter approach, which takes into account the 
physical hydraulic and mechanical phenomenon taking place in each lump or 
section. Model parameters are fundamentally dependent on damper geometry 
and material properties, which employ physical parameters such as inertia, 
damping, and compliances. Using the hydromechanical approach, the damper 
model can describe amplitude, frequency and temperature dependent behavior 
of the MRFE damper. 
2) Development of a hydromechanical model to describe the non-linear 
hysteretic behavior demonstrated by the MRFE damper. This time domain 
model is developed by expanding the hydromechanical model developed in 1 
to include the magnetorheological effects demonstrated by the MRFE damper. 
Thus, this lumped parameter approach takes also into account the physical 
hydraulic and mechanical, and plus magnetorheological phenomenon taking 
place in each lump or section. Model parameters are also fundamentally 
dependent on damper geometry and material properties, which employ 
physical parameters such as inertia, damping, yield force and compliances. 




amplitude, frequency and temperature dependent behavior of the MRFE 
damper. 
3) Evaluation of the hydromechanical model in predicting damper dynamic 
behavior under single and dual frequency excitations and varying operating 
temperature conditions. 
4) The potential determination of model parameters a priori, which will help in 
designing and predicting the expected damper performance beforehand.  
In the proceeding sections, the significant modeling contributions made through this 
research as outlined above are briefly discussed and summarized. Then, some future 
work that would help in the advancement of the state-of-the-art MRFE damping 
technology is outlined. 
6.1 FE and MRFE Damper Modeling 
In Chapters 2 and 3, a hydromechanical model for the snubber type FE and 
MRFE dampers was developed. The hydromechanical model is a lumped parameter 
approach. The hydromechanical model is a convenient modeling approach that deals 
with time-varying behavior of connected components or lumps of a system, assuming 
no span-wise variation within each component or lump. The hydromechanical model 
can delineate the physical flow motion of the system and accurately describe the non-
linear hysteretic behavior of the FE and MRFE dampers. The model is a design based 
model which portrays the damper system with a series of lumped hydraulic, 
mechanical and magnetorheological (MRFE damper only) components. In the current 
FE and MRFE lag damper configuration, the hydromechanical model is able to 




damper) or hydraulic+MR (MRFE damper) system, which is manifested through 
chamber compliances. The model employs physical parameters such as inertia, 
damping, yield force and compliances that are dependent on damper geometry and 
material properties of components.  
The model was derived using simplified conservation of mass and momentum 
equations. Certain simplifying assumptions regarding the nature of the flow, such as 
incompressible flow assumption, were made. Three fundamental sets of equations 
were formulated: 1) expression for the interaction between elastomer shear 
deformation and pressure in volume chambers, 2) an equation for the losses in 
passages between the volume chambers and, 3) a continuity equation relating volume 
flow rates between volume chambers. The model was able to introduce a Bingham-
type Coulomb friction element to account for the MR effect. In addition to the 
compliance, the model was able to account for the elastomeric damping due to the 
volumetric expansion of the elastomeric volume chambers under pressure. Further, 
the model was able to relate, through a transfer function, the losses incurred in the 
two flow passages present in the damper, which essentially simplified the mechanical 
analogy of the system from a 3DOF system into a 2DOF system. 
The model has eight independent (seven for FE) variables and two dependent 
parameter, which basically are a combination of the independent variables. Initially at 
varying FE temperature and ambient MRFE temperature condition, most of these 
parameters were model estimated through an optimization routine. The model 
reconstructed forced response correlated very well with the single and dual frequency 




6.2 MRFE Modeling with Temperature Effects 
In Chapters 2 and 3, a hydromechanical model was formulated to characterized 
the performances of FE and MRFE dampers. The model, which has eight independent 
and two dependent parameters, was able to simulate damper performance accurately. 
However, more than one independent parameter (three for FE and four for MRFE) 
was model estimated through an optimization routine. Due to the high number and the 
non-linear nature of optimized variables, the optimization task was cumbersome and 
time consuming. In addition, optimized parameters could result in values that are not 
the true or realistic values, since the routine is searching for a local minimum. To 
address this situation, a simulated annealing optimization was also incorporated; 
however, this made the optimization routine more arduous and plus it also does not 
also guarantee the real values parameters. In order to minimize model optimized 
parameters, separate tests and analysis were conducted to determine material property 
dependent parameters. Since model parameters are fundamentally functions of 
damper geometry and material property, temperature effects will only cause the latter 
to change. Thus, in Chapter 4, most material properties at each test temperature are 
initially estimated either through manufacturer’s data or material testing. Some of 
these parameters are reasonably scaled to accurately simulate the measured hysteretic 
force-displacement and force-velocity histories of the MRFE damper under single and 
dual frequency excitations. The reasoning behind the scaling was also discussed. 
Thus, all except one model parameter was estimated beforehand and plugged into the 
model to simulate damper performance. The results have shown that the model was 




and temperature tested. The important point is that the model was able to show the 
potential in determining model parameters a priori, and predict expected damper 
performance and make sure damping requirements are met before development and 
production. 
6.3 Temperature Compensation of MRFE Damper 
The semi-active Magneto-Rheological Fluid-Elastic (MRFE) device has been 
assembled and evaluated in control experiments to demonstrate its utility to 
compensate for measured changes as a helicopter lag damper. The baseline FE 
damper used in this study was a Fluidlastic® FL-1030-8 damper manufactured by 
Lord Corporation for the Bell 430 helicopter. This damper was disassembled and 
modified to include two internal magnetorheological control valves, and the existing 
hydraulic fluid was replaced with magnetorheological fluid. Hence, the resulting 
prototype damper is a retro-fit design that can easily be installed in a test rotor in 
future evaluations. The MRFE damper was subject to extensive performance 
characterization at displacement amplitudes ranging from 0.8 mm to 3.4 mm, 
temperatures ranging from 20ºC to 55ºC, and control currents up to 1.0 A.  Using this 
database and a hydromechanical model of the damper, control systems were designed 
to track a reference damping profile, which is a function of amplitude only, in the 
presence of measured amplitude and temperature variations at the rotor lag/rev 
frequency (3.8 Hz).  Both gain scheduled (interpolating look-up table) and closed-
loop (proportional-integral and gain scheduling) techniques were employed in 
simulations and experiments.  The results demonstrated that all of the control 




closed-loop systems.  Comparing the two closed-loop systems, the gain scheduling 
controller provided a faster response overall, but the improvement was marginal.   
6.4 Future Work 
6.4.1 Hydromechanical Modeling of MRFE Damper 
In this study, the hydromechanical model has shown great promise in modeling 
the coupled system of the MRFE lag damper. The model can very well capture the 
non-linear hysteretic behavior of the damper over the amplitude, frequency and 
temperature range tested. Model parameters are shown to be fundamentally 
dependent on damper geometry and material property, which can be known from 
manufacturer’s data sheet or simple material testing. However, the capability of the 
model over a broader frequency range, and for different scale factors, has not been 
studied. The geometric deformation of the elastomer and its effect of the equivalent 
piston area was not also investigated in detail. In addition, the model was formulated 
for low speed, laminar flow analysis. To conduct a more detailed evaluation of the 
model performance, and improve the model performance, the following task should 
be undertaken in the future: 
1) The hydromechanical MRFE damper model is expected to be employed in 
predicting damper performance from wind tunnel rotor speed condition to full 
scale rotor speed condition, the fidelity of the model over a broader frequency 
range should be evaluated. Thus, high frequency (i.e. > 10 Hz) sinusoidal 
excitation should be applied to the MRFE damper the experimental data 




2) A helicopter lag damper is exposed to a wider temperature variation than that 
was covered in this research. So, the MRFE damper should also be tested over 
a wider temperature range (i.e. -55ºF to 220ºF) and its performance evaluated. 
The model should also be evaluated in its ability to capture the performance 
variation in such a wide temperature range. A thermal shift function to 
account for model parameter variation due to temperature dependent material 
properties should also be formulated. 
3) The coupling effect of elastomeric compliance, hydraulic and MR effect 
should also be further investigated. Especially due attention should be given to 
the coupling of bulge stiffness and MR yield force in designing the MR 
valves. Due to the in-series nature of the two systems, one parameter will 
affect the other. For instance, a too high yield force could completely block 
flow passages and could only result in a volumetric expansion of elastomeric 
wall, there by significantly dimensioning the damping of the system. 
4) The geometric deformation of the elastomeric body of the MRFE damper 
based on input amplitude, internal pressure and flow resistance should further 
be investigated to be able to determine a priori the equivalent piston area, 
which was the only parameter that was determined through model 
optimization routine. 
5) The model should also account for minor losses in the flow passages in a more 
accurate way. Minor losses involve pressure lost in the working fluid due to 
sudden expansion and contractions and leakage through repair edges. In 




factors and the losses associated are also expected to increase, and the model 
should also be able to account for these added losses. These losses will be 
critical in predicting the damper performance at very high pumping 
frequencies. 
6) Since future dampers will vary in size and performance depending on 
different rotor hub designs, the variation of the model parameters with the 
damper scale should be investigated such that the model can be expanded to 
be utilized in predicting the behavior of the MRFE damper at any given scale 
and configuration.  
7) A comprehensive control analysis should be conducted by integrating the 
formulated hydromechanical model into the actual rotor stability equation and 
asses its controllable capability in augmenting lad damping. 
6.4.2 Future Development of MRFE Damper 
This preliminary research on the snubber type MRFE damper has shown a 
promising result in helicopter rotor damping augmentation. However, there remains a 
great challenge in integrating the MRFE damper system in an actual full scale rotor 
system. A key issue the future work should address is the refinement and 
improvement of damper ruggedness while operating at high centrifugal loading 
conditions and wide operating temperature ranges. Further, the MRFE damper should 
be able to provide a fail-safe operational damping by behaving as a passive damper in 
the event of reduced or lost power. The passive damping from the hydraulic and 
elastomeric components can be designed in such a way that they provide the 




Based upon the database and analysis of Magnetorheological (MR) fluids and 
design and development of the MRFE damper, damper refinement together with a 
comprehensive design tool should be carried out to meet the operating conditions of a 
helicopter lead-lag damper system. System parameters such as magnetic field 
dependent yield force, viscosity, MR valve and damper geometries, mechanical and 
hydraulic characteristics, and power and control electronics should be examined to 
the first order. The damper refinement should include: 
1) Devise a comprehensive MRFE design tool based on full-scale rotor system 
2) Investigate different types of off-the-shelf MR fluids and elastomeric 
materials 
3) Minimize passive or friction losses due to unnecessary and complex passage 
ways. In the current MRFE damper, the MR valves were threaded into the 
existing port holes (Figure 6.1a), which created unnecessary viscous losses. 
Future MR valve can be integrated into the center rubber wall, which will 
significantly reduce friction losses (Figure 6.1b). This, in addition, will help to 
design an optimal MR valve which will not be limited in dimensions due to 
the very small space available in volume chambers. This will make sure that 
the MR vale will have the optimal active valve length and diameter. 
4) Minimize leakage through repair edges. Improve the quality of the center wall 
by having it completely molded, similar to the original FE damper. 
5) Maximize internal pressure to avoid the detrimental effects of entrapped air. 
This could be achieved through an installation tool design which can be 




pressure without the need of manual torque application, which can be very 
difficult and in addition damages components.  
6) Conduct single and dual frequency harmonic excitation in a rotating plane (eg. 
vacuum chamber) and wind tunnel to evaluate damper performance and 
validate design tools. 
7) Assessment of long term fatigue, in-service MR fluid thickening, erosion of 
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Appendix A: Dimorphic Magnetorheological Fluids: Exploiting 
Partial Substitution of Microspheres by Nanowires 
 
A.1 Introduction 
Magnetorheological fluids typically consist of spherical micron-sized magnetic 
particles (microspheres) suspended in a liquid medium such as silicone or hydraulic 
oil [A1-A2]. Their rheological properties, and thus their yield stresses and viscosities, 
can be rapidly and continuously controlled by varying the applied magnetic field. 
Conventional MR fluids utilize spherical micron-sized iron particles at high weight 
fractions and are shown to exhibit high yield stresses, up to 100 KPa [A1, A3-A5]. 
The fast response and controllability of MR fluids [A6] make them very attractive for 
implementation in semi-active smart vibration-absorption systems [A7], primary 
vehicle suspension systems [A8], landing gear for aircraft [A9-A11], adaptive crew 
seats for vibration [A12-A14] and shock isolation [A15-A16]. 
Under a magnetic field, the suspended iron particles position themselves nearly 
parallel with the magnetic field lines, causing them to form a series of chain 
structures. A finite stress must be applied to break these chained structures and 
initiate flow, thus giving rise to the apparent yield stress characteristic of MR fluids. 
Even though conventional MR fluids with spherical microparticles at high weight 
fractions exhibit high yield stresses, they are very prone to particle sedimentation 
under no- or low-magnetic field conditions and in the absence of constant or frequent 




particles as a result of their higher density compared to the carrier fluid [A17]. The 
iron particles sediment and agglomerate at the bottom of the container, making the 
suspension no longer effective. Once particles sediment, remnant magnetism that is 
present in particles results in undesired tightly bound particle clusters, which makes 
re-dispersion very difficult [A17-A18]. In addition, particles could also be subjected 
to van de Waals forces, which further increases interparticle attraction [A5, A17]. 
Different additives and coatings have been studied to mitigate sedimentation of 
particles in MR fluids. Some of these include adding thixotropic agents such as silica 
nanoparticles [A18-A19], nanoscale additives [A20], sub-micron sized filler organo-
clay additives [A21-A22] and organic poly (vinyl butyral) (PVB) coating [A23-A24].  
Nano-sized particles have also been utilized to overcome particle sedimentation 
while maintaining the magnetorheological properties of MR fluids [A4-A5, A25-
A28]. Nanoparticles tend to settle slowly, or remain suspended indefinitely 
(ferrofluids), by Brownian motion [A28-A30]. Ferrofluids utilize nanoparticles of less 
than 10 nm, and do not exhibit a significant yield stress [A28-A29, A31]. 
Nanoparticles based MR fluids have been formulated from three perspectives: MR 
fluids employing nanoparticles [A25, A28], extremely bimodal MR fluids [A27, A32-
A33] and bidesperse MR fluids [A4-A5, A34]. In the first group, nanoparticles (10 
nm – 100 nm) were mixed in a fluid medium to alleviate particle sedimentation while 
maintaining functional level of yield stress. The resulting yield stress of these fluids 
was significantly reduced when compared with MR fluids made of micron-sized 
particles at same volume fraction. Extreme bimodal MR fluids are suspensions of iron 




[A26] dispersed 2-10 µm iron microparticles in a ferrofluid (< 10 nm magnetic 
particles) to obtain extremely bimodal MR fluids. These MR fluids are shown to have 
yield stresses as high as 200 KPa and the nominal volume fraction of iron powder 
was 50 vol% (>90 wt%).  Viota et al [A33] utilized iron microparticles (~1.45 µm), 
nanoparticles (~9 nm) and water as carrier fluid.  The study found that the addition of 
increasing concentration of nano-magnetite to suspensions containing micrometer 
sized magnetite provokes a substantial increase in weak-field susceptibility, 
coercivity of the suspension and saturation magnetization of the extremely bimodal 
MR fluids. Lopez-Lopez et al [A27] investigated bimodal MR fluids containing iron 
microparticles (~0.93 nm) dispersed in ferrofluids composed of nanoparticles (~7.8 
nm) in kerosene. This study demonstrated that as the concentration of nanoparticles in 
kerosene based ferrofluids increases, the settling rate of microparticles suspended in 
the ferrofluid was reduced. Partial substitution of micronparticles with nanoparticles 
(>>10 nm) leads to bidisperse MR fluids [A4-A5, A34]. Our prior work on bidisperse 
MR fluids utilized nanoparticles of average sizes 28 nm [A4] and 40 nm [A34]. By 
substituting a portion of microparticles with nanoparticles, sedimentation of 
suspended particles was effectively mitigated by the re-dispersive behavior of 
nanoparticles in the suspension due to thermal convection (Brownian motion) [A4, 
A30]. But, as the nanoparticle concentration is increased, the apparent yield stress of 
the MR fluids declined by as much as 50% [A34].  
Previous studies suggest that MR fluids utilizing non-spherical iron particles 
exhibit enhanced rheological properties as well as greater stability [A29, A35]. MR 




of magnetoreology and stability than corresponding fluids containing only spherical 
particles at similar volume fractions [A29]. Suspensions of cobalt wires have also 
shown a notable increase in yield stress when compared to cobalt microspheres at 
same volume percentage [A36]. However, these studies were limited to low particle 
volume fractions of 10 vol% (48 wt%) or less, thus producing small yield stresses that 
are largely insufficient for most dynamic applications. Due to their high wetted area 
and wire-to-wire interactions, it is difficult to produce and handle an all nanowire MR 
fluid at high vol% iron loading. As the aspect ratio of particles is increased at constant 
volume concentration, the viscosity of the suspension will also rise [A37]. In 
addition, as the concentration of particles keeps on increasing, there will no longer be 
enough fluid to lubricate the relative motion of particles, thus increasing viscosity to 
infinity [A38]. In a viscous dominated suspension, the packing density of smooth 
spheres is 0.68 while it drops to 0.18 for ellipsoids with an aspect ratio of 27 that are 
randomly aligned and no outside influences present, such as, sheer or magnetic field 
[A38]. In concentrated suspensions of long slender particles, the rotational, end-over-
end motion of each rod is severely restricted as well as the translational motion 
perpendicular to the rod axis due to entanglement [A39]. This suggests that the 
settling velocity hindering factor is greatly increased in concentrated suspensions due 
to particle-particle and particle-fluid interactions. This sedimentation stability has 
been demonstrated for MR suspensions that contain 6 vol% of iron nanowires only, 
which produced fluids that did not settle even after 2 months [A29]. Thus, by 
replacing part of the microsphere particles of a high wt% loaded MR fluid with 




fluids. These fluids were created with the aim of improving the settling properties of 
MR fluids while maintaining a higher vol% of ferromagnetic particles and, thus, a 
greater workable yield stress than fluids using strictly nanowires. In this study, we 
report the effect of substituting a portion of the microspheres with nanowires on the 
magnetorheological (yield stress and viscosity) and stability (sedimentation rate, 
sedimentation percentage and ease of re-dispersion) properties of MR fluids. 
A.2 Magnetorheological Fluid Generation 
Spherical iron particles ranging from 6 to 10 µm in diameter (Alfa Aesar) were 
used in this study.  The iron nanowires were generated using template-based 
electrodeposition with commercially available anodized alumina membranes 
(Whatman) as templates. Iron nanowires can typically  have a wire diameter ranging 
from 5 nm to 250 nm [A40]. The electrolytic solution consisted of 0.9 M FeSO4, 0.03 
M FeCl2, 0.10 M NH4Cl, 0.01 M C6H8O6, 0.5 M H3BO3 at a pH of 3. High purity 
iron electrodes (99.995%) were suspended approximately 2 cm above the alumina 
template in the iron solutions. The nanowires were electrodeposited at a current 
density of 5.7 mA-cm2 under ambient conditions without agitation. The wires were 
recovered by dissolving the template in a 1 M sodium hydroxide solution. 
Dimensional information and size distribution of the nanowires were obtained using a 
Hitachi S570 scanning electron microscope (SEM). These nanowires have a mean 
diameter of 230 nm and a length distribution of 7.6 ± 5.1 µm. Silicone oil (GE SF96-
200) with a viscosity of 0.175 Pa-s was used as the carrier fluid to prepare both 
conventional and dimorphic MR fluids. Lecithin (2 wt% of the total metal content) 




the silicone oil before the addition of the iron particles. The MR fluids were generated 
according to Table A.1. 
A.3 Rheological Characterization 
Flow curves of the MR fluids were determined using an Anton-Paar MCR300 parallel 
disc rheometer equipped with an MRD180 MR cell capable of generating a 
controllable magnetic field up to 1 T. The magnetic field is oriented perpendicular to 
the parallel plates. The plates are held at a standard gap of 1 mm, and a sample of 
nominally 3 mL was injected into this gap. Rotational tests were carried out to 
establish the flow curves (shear stress vs shear rate) at specified magnetic fields. The 
Bingham-Plastic (BP) constitutive model was then fitted to the flow curves to 
determine the apparent yield stresses and viscosities of the samples. In the BP model, 
the total shear stress is given by: 
γµττ &+= y  (A.1) 
where  is yτ  the yield stress,  is µ  the post yield viscosity and γ&  is the shear rate. 
The BP model predicts that in the pre-yield region, where stress is below the apparent 
yield stress, the fluid exhibits a rigid behavior. And in the post-yield region, the fluid 
exhibits a viscous flow behavior. To ensure homogeneity of the mixture, the samples 
were continuously mixed for 6-8 hours before testing. This technique was also 
employed to ensure a uniform dispersion for sedimentation testing. 
A.4 Sedimentation Characterization 
The magnetic properties of MR fluid particles can be exploited to characterize and 




sediment towards the bottom of the container, creating a volume of supernatant fluid 
(the clarified carrier fluid above the sediment mudline) as seen in Figure A.1a. To 
quantify and compare the sedimentation velocity of conventional sphere-based MR 
fluids with those containing nanowires, an inductance-based solenoid sensor was 
constructed to track the mudline location of the settling fluid [A34, A41]. The 
sedimentation velocity is defined as the rate at which the mudline descends due to 
particle settling. As the MR fluid sediments, the mudline travels downwards, until all 
the iron particles fully deposit at the bottom of the container and little or no further 
compacting is possible. The magnetic permeability of the MR fluid enclosed by the 
inductive sensor solenoid is highly dependent on the volume fraction of fluid within 
this region. The permeability of the MR fluid enclosed within the sensor is related to 





ANL µµ=  (A.2) 
where N is the number of turns, A is cross-sectional area of the wire of the solenoid, l 
is solenoid length, 0µ  is magnetic permeability of vacuum and rµ  is relative 
permeability of the enclosed MR fluid. Thus, by measuring the rate of change of 
magnetic inductance of the sensor, the rate of change of the mudline position can be 
estimated as it traverses through the sensor height. The inductance measuring 
instrument is comprised of an inductance meter, the sensor assembly and a stand to 
mount the apparatus as shown in Figure A.1b [A34]. Using this instrument, the 





 To perform these tests, the linear range between inductance and mudline 
location within the sensor was determined and a vertically moving reference frame 
was assigned, with the origin fixed at the top of the sensor and positive downwards 
(Figure A.1b) [A34]. With these parameters set, the sedimentation test is run between 
any two initial and final mudline locations xs and xt (xs < xt) within sensor where 
inductance is linear. The sedimentation velocity can then be estimated using the pre-
determined inductances Lt and Ls at points xt and xs and continuously measured 
inductance L(t). The sensor was moved up by xs amount and held fixed there after and 
the fluid was allowed to sediment in time until inductance L(t) reached Lt [A34]. At 
this point, the total settling height of the mudline equals (xt - xs). Thus, the mudline 
location at any measured inductance L(t) is:  
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where xs and Ls are initial mudline height and corresponding inductance and xt and Lt 
are final mudline height and corresponding inductance. The data is then plotted as 
mudline location, x, versus time and is linearly fitted with a straight line. The slope of 
the fitted line gives the sedimentation velocity. 
A.5 Rheological Results 
Using the Anton-Paar parallel disc rheometer, the flow curve (shear stress vs 
shear rate) of each MR fluid was determined. The BP model was fitted to the data 
using a weighted-least-squares error minimization procedure by selecting the yield 
stress and post-yield viscosity of the MR fluids. Since shear rates are used as weights, 




asymptotically and estimate the apparent yield stress value of the MR fluid. The yield 
stress is given by the intercept of the high shear rate asymptote with the shear stress 
axis. Refer to Figures A.2a and A.2b. 
Figures A.3a and A.3b show the apparent yield stresses versus magnetic flux 
density of the applied field for fluids with iron loading of 50 and 60 wt% containing 
strictly spheres and those with 6 and 8 wt% substitution of microspheres with 
nanowires, respectively. For these samples, there is no significant difference in yield 
stress between the all microsphere and dimorphic MR fluids at the same total iron 
loading.  Figure A.4a shows the yield stress variation for samples with 80 wt% total 
iron loading. The results indicate that the yield stresses in the low magnetic flux 
region are quite similar for the increasing substitution of wires for spheres. In 
contrast, at higher magnetic flux densities, there is an initial increase in the yield 
stress with 2 wt% substitution followed by a steady decline in the yield stress as the 
wt% of the nanowire substitution is increased. 
The SEM micrograph of the dimorphic MR fluid particles under no magnetic field 
clearly indicate that the nanowires are uniformly dispersed and randomly oriented 
throughout the fluid as seen in Figure A.5a and was similarly observed for all fluid 
compositions.  These samples were prepared by suspending the particles in ethanol at 
the desired concentrations and then allowing the ethanol to evaporate locking in the 
structure of the suspended particles. Application of a magnetic field causes the 
nanowires and microspheres to arrange themselves quite differently. Figures A.5b, 
A.6a and A.6b show SEM micrographs of dimorphic MR fluids (at concentrations 




generated in a similar fashion as before accept that the ethanol was allowed to 
evaporate in a planar magnetic field of 0.26 T. The SEM image in Figure A.5b shows 
that at low nanowire loadings the microspheres still form chained clusters and that the 
wires are arranged very sparsely in the voids between and alongside these chain 
structures. As the nanowire concentration increases (Figures A.6a and A.6b), they not 
only fill the gaps between the microsphere chain structures, but begin to interfere with 
the chain structure formed by the spherical particles as a larger number of nanowires 
become lodged between the microspheres (long axis perpendicular to the field lines). 
We believe that this interference of the nanowires in the chain structure of the 
microspheres is the cause of the decrease in maximum achievable yield stress. Further 
experimental and theoretical studies will need to be performed to confirm this 
hypothesis. 
The maximum apparent yield stress for the aforementioned samples as a function 
of magnetic flux density is shown in Figure A.4b. The samples display an initial 
increase in the maximum yield stress followed by a steady drop as the nanowire 
loading is increased. This represents a less than 10% difference in the yield stress of 
fluids with nanowires compared to those not containing nanowires. At this stage, even 
though we observe some variation in yield stress among the dimorphic fluids, the 
presence of nanowires at this level of concentration does not degrade the apparent 
yield strength of the MR fluids as is the case for many others additives aimed at 
reducing sedimentation. 
The off-state viscosity of the above samples is given in Table A.2. These 




MR fluids composed of only microspheres. The maximum viscosity increase of the 
dimorphic MR fluid is more than threefold that of the microsphere-based fluid. 
A.6 Sedimentation Results 
The sedimentation rates of samples 3 though 8 were tested in order to compare 
conventional MR fluid settling rates to that of the dimorphic fluids. Two methods 
were used to estimate and compare the stability of MR fluids. First, the sedimentation 
velocity was determined as outlined in Section 4. Figures A.7a and A.7b show sample 
sedimentation plots as obtained from inductance measurements for MR fluid samples 
7 and 8. A linear least-squares fitting was used to determine the sedimentation 
velocity. These figures show that there is a twofold improvement in the sedimentation 
rate with only a small substitution of spheres with nanowires dropping from 0.0254 
µm/s for the 80 wt% iron sphere loading to 0.0122 µm/s with only 2 wt% substitution 
with nanowires. The estimated sedimentation velocity of the MR fluid with 50 wt% 
microsphere particles is 1.90 µm/s while for the dimorphic MR fluid with 44 wt% 
microspheres and 6 wt% nanowires the sedimentation velocity drops to 0.036 µm/s. 
For the fluid compositions studied here, a maximum drop in sedimentation velocity of 
almost two orders of magnitude is observed as seen in Table A.3. 
The second method used to characterize stability was to determine sedimentation 
percentage of the fluids as given by [A29] 
%100
fluidMRofvolumeTotal
fluidt supernaten of VolumePercentageion Sedimentat ×=
 (A.4) 
This ratio was determined after the fluids were allowed to settle undisturbed, for a 




dimorphic fluids have a lower sedimentation ratio, implying a smaller magnitude of 
sedimentation than conventional microsphere-based MR fluids. This reduction in 
sedimentation ratio results in a more porous agglomeration of particles at the 
container bottom, making re-dispersion much easier and providing a homogenous 
mixture more quickly. 
Referring again to Figure A3.a which shows a dimorphic MR fluid under no 
magnetic field, we observe that the wires are uniformly dispersed and randomly 
oriented throughout the fluid. The wires arrange themselves randomly between 
neighboring spherical particles.  Also, the addition of the nanowires appears to 
enhance the interaction of neighboring particles and with the fluid flow, as well as 
creating entanglement due to their limited rotational and translational motions [A39]. 
Naturally, these types of interparticle interactions would increase considerably as the 
percentage of the nanowires increases. Therefore, the presence of the nanowires tends 
to increase the viscosity of the dimorphic suspensions generating fluids with an 
increased sedimentation hindrance factor. All these effects are expected to account for 
the reduction in the average particle settling velocity, and considerably reducing 
overall sedimentation making re-dispersion much easier.  
A.7 Conclusions 
This study investigated and quantified the changes in yield stress, off-state 
viscosity, sedimentation velocity and sedimentation percentage of MR fluids as 
nanowires were substituted for the spherical particles in dimorphic MR fluids. These 
substitutions significantly reduced the rate of particle settling, enabling the MR fluid 




period of time. Even after the onset of sedimentation, the presence of the nanowires 
tended to produce a more porous particle sediment which suggests ease of re-
dispersion. In addition, at the level of nanowire concentration and geometry studied, 
it was possible to maintain the high level of yield stress observed in conventional 
microsphere-based MR fluids. 
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Table A.1: MR Fluid samples 
Sample ID  3 4 5 6 7 8 9 10 11 
Wt% 50 50 60 60 80 80 80 80 80 Total Iron 
Loading Vol% 11.5 11.5 16 16 33 33 33 33 33 
Wt% 50 44 60 52 80 78 76 74 72 
Microspheres 
Vol% 11.5 10 16 13.5 33 32.1 31.4 30.4 29.6
Wt% 0 7 0 8 0 2 4 6 8 
Nanowires 















Table A.2: Off-state viscosities of MR Fluid samples 
Sample 
ID Sample Description Off-state viscosity [Pa s] 
7 80wt% sphere 1.3 
8 78wt% sphere 2wt% wire 2.1 
9 76wt% sphere 4wt% wire 3.5 
10 74wt% sphere 6wt% wire 3.5 








Table A.3: Sedimentation Velocities of Conventional and Dimorphic MR Fluid 
Samples 
Sample ID Sample Description Sedimentation Velocity [µm/s] 
3 50wt% sphere 1.9 
4 44wt% sphere 6wt% wire 0.036 
5 60wt% sphere 0.86 
6 52wt% sphere 8wt% wire 0.017 
7 80wt% sphere 0.0254 
8 78wt% sphere 2wt% wire 0.0122 







Table A.4: Sedimentation Percentages of Samples 
Sample ID Composition Sedimentation Percentage (%) 
3 50wt% spheres 72.9 
4 44wt% spheres 6wt% wires 23.4 
5 60wt% spheres 66.7 
6 52wt% spheres 8wt% wires 14.0 
7 80wt% spheres 14.8 
8 78wt% spheres 2wt% wires 8.8 











x  - Mudline
b   - Sensor Length




(b) Sedimentation measurement 




(a) Sample 3 containing 50 wt% microspheres only 
(b) Sample 9 containing 76 wt% microspheres and 4 wt% nanowires 





(a) MR fluids containing total 50 wt% iron particles 
(b) MR fluids containing total 50 wt% iron particles 





(a) MR fluids containing total 80 wt% iron particles 
(b) Maximum measured yield stress for 80 wt% 
Figure A.4: Yield stress vs magnetic field and maximum measured yield stress at 





(a) MR fluid with 76 wt% microspheres and 4 wt% nanowires under no magnetic 
field 
(b) MR fluid with 78 wt% microspheres and 2 wt% nanowires under 0.26T 
magnetic field 





(a) MR fluid with 74 wt% microspheres and 6 wt% nanowires under 0.26T 
magnetic field 
(b) MR fluid with 72 wt% microspheres and 8 wt% nanowires under 0.26T 
magnetic field 





(a) MR fluid with 80wt% microspheres 
(b) MR fluid with 78 wt% microspheres and 2 wt% nanowires 
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